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Abstract
The Goldstone boson nature of the observed Higgs scalar particle represents a tempting possible
solution for the Standard Model hierarchy problem. We first discuss the essence of the problem in
the context of low energy QCD and the Higgs sector of the Standard Model. As a step towards
the solution we construct a UV complete model of the Goldstone Higgs based on the global
SO(5)/SO(4) symmetry breaking. The scalar sector of the theory is a linear sigma model extended
by a scalar singlet ‡, with mass m‡ > 500 GeV. In order to give mass to the SM fermions through
the partial compositeness mechanism, the fermion sector is extended by heavy vectorlike fermions.
We study in detail the possible direct detection of ‡ and the impact of the new scalar and fermion
states on Electroweak Precision Tests. We conclude in particular that any reasonable contribution
of the scalar sector can in principle be compensated by a fermionic one. At low energies any
extension of the Standard Model results in a set of e ective operators, describing the deviations
of the couplings from their predicted values. Depending on how the electroweak symmetry is
realised, two intrinsically di erent e ective descriptions are possible: linear and non-linear one.
Varying the ‡ mass allows to sweep from the regime of the perturbative linear UV completion to
the non-linear one. The latter one is typically assumed in models in which the Higgs particle is
a low-energy remnant of some strong dynamics at a higher scale. In the limit of large but finite
masses of the new states we derive the benchmark non-linear e ective Lagrangian. Furthermore
the first order linear corrections originating from large, but finite mass of the additional scalar
to the Higgs couplings have been derived and they are found to be suppressed by the scalar
masses ratio. Finally, we consider the renormalization of the custodial preserving scalar sector
of the non-linear e ective Lagrangian in a general Goldstone bosons matrix parametrisation and
identify the physical counterterms as well as the chiral-noninvariant divergences. The latter ones
are shown to be unphysical as they can be removed by a field redefinition. The procedure allows
to check the consistency of the non-linear e ective Lagrangian at one loop. The results confirm
the completeness of the scalar sector of NLO Lagrangian previously identified in the literature.

Abstract
Una particella di Higgs la cui natura sia di tipo Goldstone rappresenta una possibile soluzione al
problema della gerarchia nel Modello Standard. Dapprima discutiamo l’essenza del problema nel
contesto della QCD di bassa energia e del settore di Higgs del Modello Standard. Come passo
successivo verso la soluzione, si costruisce un modello UV-completo del Goldstone Higgs, basato
sulla rottura di simmetria globale SO(5)/SO(4). Il settore scalare della teoria è un modello sigma
lineare, esteso da un singoletto scalare ‡, con massa m‡ > 500 GeV. Per dare massa ai fermioni
del Modello Standard attraveso il meccanismo di compositezza parziale, il settore fermionico viene
esteso da fermioni pesanti vectorlike. Si studia in dettaglio la possibile osservazione diretta di ‡ e
l’impatto del nuovo scalare e dei nuovi stati fermionici sui test di precisione elettrodeboli. Si con-
clude, in particolare, che ogni ragionevole contributo dal settore scalare può , in linea di principio,
essere compensato dal settore fermionico. A basse energie ogni estensione del Modello Standard
risulta in un insieme di operatori e ettivi che descrivono le deviazioni dei coupling dai loro valori
predetti. A seconda di come la simmetria elettrodebole è realizzata, sono possibili due descrizioni
e ettive intrinsicamente di erenti: lineare e non lineare. Variando la massa dell’‡ passiamo con
continuità dal regime in cui il completamento è perturbativo a quello non lineare. Quest’ultimo
è in genere un presupposto di modelli nei quali la particella di Higgs è un residuo a bassa en-
ergia of dinamiche forti ad una scala superiore. Nel limite in cui le masse dei nuovi stati sono
grandi, ma finite, deriviamo la Lagrangiana e ettiva non lineare che può essere utilizzata come
benchmark. Inoltre vengono derivate le correzioni lineari al primo ordine causate dalla massa –
grande ma finita – degli scalari addizionali ai coupling dell’Higgs, dimostrando che sono soppresse
di un fattore proporzionale al rapporto degli scalari della teoria. Infine, consideriamo la rinormaliz-
zazione del settore scalare che preserva la simmetria custodial in una parametrizzazione matriciale
dei bosoni di Goldstone e identifichiamo i controtermini fisici e le divergenze non-invarianti sotto
trasformazioni chirali. Si dimostra che quest’ultime sono non fisiche, dal momento che possono
essere rimosse da una ridefinizione dei campi. La procedura consente di controllare la consistenza
della Lagrangiana e ettiva non lineare a livello one-loop. I risultati confermano la completezza del
settore scalare della Lagrangiana NLO precedentemente identificata in letteratura.
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Preface
The electron is as inexhaustible as the atom, Nature is infinite, but it infinitely exists.
And it is this sole categorical, this sole unconditional recognition of Nature’s existence
outside the mind and perception of man that distinguishes dialectical materialism from
relativist agnosticism and idealism.
– V.I. Lenin, Materialism and empirio-criticism, 1908
As more than 100 years have passed since the times of Lenin many more elementary particles
have been discovered with the famous Higgs boson being the last missing piece of the Standard
Model (SM) – fundamental quantum field theory (QFT) of electromagnetic, weak and strong
interactions, describing with unprecedented precision the wide range of phenomena observed. The
discovery of the Higgs boson [1, 2] completes the struggle for experimental verification of this
unifying description of the forces of Nature (all but gravity), yet it poses new theoretical challenges
for the upcoming generations of physicists. In this sense, though we seem to understand the theory
of the electron through Quantum Electrodynamics quite well, it is the physics of the Higgs boson
what seems to be inexhaustible nowadays and so the pursuit for the knowledge of infinite Nature
continues.
One of the main theoretical challenges motivating to look for BSM physics is the so called hierar-
chy problem. It can be stated as the failure of the SM to provide a theoretical explanation of the
relatively light Higgs boson mass. From the QFT point of view the SM is a well defined, renor-
malisable theory. However, it can be thought as an e ective field theory, correctly describing the
fundamental interactions at the energies accessible by modern experiments, but has to be extended
to include explanations of several theoretical puzzles, such as small neutrino masses, unobserved
strong CP angle, dark matter and dark energy being some of them. In addition, it cannot be
the ultimate theory since it does not include the description of gravity and is known to contain
a Landau pole for the electromagnetic coupling at very high energies. If the SM is treated as a
theory valid up to some cut-o  scale  , any naive extension of the SM involving heavy states would
introduce quantum corrections of order ≥  2 to the Higgs mass parameter. From this point of
view the observed value of the Higgs mass around the EW scale is unnaturally small and requires
a screening mechanism, stabilizing the Higgs mass at its observed value. Typically this requires
new heavy BSM states in the vicinity of the electroweak scale.
On the other hand, the persistent absence of evidence for new resonances calls for an in-depth
exploration of BSM theories which may separate and isolate the Higgs mass from the putative
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scale of exotic BSM resonances. Several solutions have been proposed over decades, such as
supersymmetry, compact extra dimensions, the relaxion mechanism and composite Higgs. Here
we will focus on the idea of the Higgs being a pseudo-Nambu-Goldstone boson (pNGB) of some
global symmetry breaking, as was originally proposed decades ago in Refs. [3–8].
The first formulations of pNGB Higgs models were based on the assumption of a strong dynamics
obeying an SU(5) global group of symmetry broken down spontaneously to SO(5). The Higgs
was identified with one of the NGB states of this breakdown. Recent attempts tend to start from
a global SO(5) symmetry [9,10] at a high scale  , spontaneously broken to SO(4) and producing
at this stage an ancestor of the Higgs particle. In [11,12] the next-to-minimal coset SO(6)/SO(5)
with one more additional Goldstone boson (GB) been considered and studied as possible dark
matter candidate in [13,14].
In this thesis an explicit model of a pNGB Higgs based on SO(5)/SO(4) coset will be presented.
While most of the literature uses an e ective non-linear formulation of the models [10,15–21], we
adopt the linear realization of the symmetry as suggested by [22]. See also [21] for the microscopic
realisation of the linear scalar sector in terms of Nambu-Jona-Lasino four-fermion interactions.
More recent developments based on the idea of the linear scalar sector can be found in [23–27]. The
scalar sector of the theory is represented by a scalar multiplet in the fundamental representation of
SO(5) and contains the four SM scalar degrees of freedom plus an additional singlet ‡. This will
allow to gain intuition on the dependence on the ultraviolet (UV) completion scale of the model,
by varying the ‡ mass: a light ‡ particle corresponds to a weakly coupled regime, while in the large
mass limit the theory should fall back onto a usual e ective non-linear construction. Our complete
renormalizable model can thus be considered either as an ultimate model made out of elementary
fields, or as a renormalizable version of a deeper dynamics, much as the linear ‡-model [28] is to
QCD.
The fermion sector of the theory is extended by heavy vectorlike fermions forming complete repre-
sentations under the SO(5) global group. The linear couplings between light and heavy fermions
allow for a see-saw like mechanism for quarks, whose masses are inversely proportional to the
heavy fermion mass scale. This construction is known in the literature as the partial compos-
iteness mechanism [29]. Many choices of the heavy fermions representations are available in the
literature, see Ref. [16] for a comparison between the possible options. The direction explored in
this work employs heavy fermions in vectorial and singlet representations of SO(5).
SO(5) breaking couplings of the heavy fermions to the SM ones together with proto-Yukawa
couplings between scalar multiplet and heavy fermions allow for the generation of the GB Higgs
potential. Its minimum breaks the electroweak symmetry at scale v and gives mass to Higgs
particle, massive gauge bosons and SM fermions.
Furthermore, we analyse the phenomenological implications of the modified scalar sector and the
exotic fermions. In particular the contribution of the new sectors to the oblique S and T parameters
will be computed. We also study the possible LHC reach for the direct detection of the ‡ scalar,
set a bound m‡ > 500 GeV and analyse its possible relation with the diphoton anomaly observed
in 2014.
Next, we consequently integrate out the heavy states and identify the leading order e ective
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operators. Firstly, as the heavy fermions removed from the spectrum , we obtain a linear e ective
Lagrangian composed of the Higgs, ‡ and SM fermions. Secondly, we integrate out the remaining
scalar state, which results in the benchmark non-linear e ective Lagrangian with the light Higgs,
pointing out the leading contributions to the Higgs E ective Field Theory (HEFT) operators.
In addition we compute first linear corrections to the deviations of the Higgs to gauge bosons
and fermions (top and bottom) couplings and compare the results for di erent heavy fermions
representations.
Finally, we perform a complete one-loop o -shell renormalization of the scalar sector of HEFT.
While the previous literature has restricted the one-loop renormalization of this sector to on-
shell analysis, the o -shell renormalization procedure guarantees that all the counterterms needed
are identified. We have obtained the explicit expressions for the chiral noninvariant divergences
obtained previously for the higgsless case and generalize it to the HEFT with the light Higgs. We
also demonstrate that they vanish on-shell and have no impact on physical observables.
The structure of the thesis is as follows. Chapter 1 contains an introductory review of the topics
covered in the following chapters. In Chapter 2 we construct the renormalizable theory of the
pNGB Higgs. In Chapter 3 we continue the study of the previously introduced model, switching
to the non-linear regime by integrating out the heavy scalar state. In Chapter 4 we study the
one loop o -shell renormalization of the scalar sector of HEFT. We conclude the thesis with a
Summary.
Chapters 2-4 are based on publications [30–32].
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1Introduction
1.1 The Standard Model
The Standard Model (SM) of particle physics [33–35] is a model within the framework of Quantum
Field Theory (QFT), which has been proven to be a very precise description of the fundamental laws
of Nature. The discovery of a Higgs(-like) boson at LHC [1,2], predicted in milestone papers [36–39]
and awarded by a Nobel Prize in Physics in 2013, concludes the continuous e ort in constructing
the universal model describing the fundamental interactions of all known elementary particles and
leaves us with a consistent framework allowing to reproduce the observed collider data.
The theory is based on the principles of gauge symmetry and renormalizability. In this section we
will introduce the quantum states of the theory and the symmetries which those quantum states
obey.
The postulated gauge symmetry imposed on the Lagrangian of the SM is
GSM = SU(3)c ◊ SU(2)L ◊ U(1)Y ,
where SU(3)c is the color symmetry, governing strong interactions of quarks and gluons, while
SU(2)L ◊ U(1)Y is the electroweak (EW) symmetry group – direct product of the chiral SU(2)
group and the group of hypercharge, which is spontaneously broken at low energies and gives rise
to weak and electromagnetic interactions. The gauge symmetry manifests itself in the invariance
of the Lagrangian under local (space-time dependent) gauge transformations which is assured by
the covariant derivatives of fields. Spin-1 gauge bosons form adjoint representations of the corre-
sponding groups, while fermionic spin-1/2 fields are embedded into fundamental representations
of the groups.
The SM is a chiral theory, meaning that left- and right-handed fermion fields have di erent trans-
formation properties under the gauge group. This fact forbids the gauge non-invariant Dirac mass
term for the SM fermions. The Higgs mechanism triggers the electroweak symmetry breaking
(EWSB) and gives masses to quarks, charged leptons, W and Z bosons and the Higgs scalar itself.
The fermion sector consists of left-handed quarks qiL, transforming under the full GSM , right-
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handed quarks ui and di transforming under SU(3)c ◊ U(1)Y , left-handed leptons li transforming
under the electroweak symmetry group and right-handed leptons ei charged only under U(1)Y .
Both quarks and leptons come in three copies or generations, index i = 1, 2, 3 indicating that. The
charge assignment for the SM fields is summarized in Table 1.1.
Fields Representation
Gauge
bosons
Bµ (1, 1, 0)
W aµ (1, 3, 0)
GAµ (8, 1, 0)
Quarks
qiL =
31 uL
dL
2
,
1 cL
sL
2
,
1 tL
bL
22
(3, 2, +1/6)
ui =
1
u, c, t
2
(3, 1, +2/3)
di =
1
d, s, b
2
(3, 1, ≠1/3)
Leptons
liL =
31 ‹eL
eL
2
,
1 ‹µL
µL
2
,
1 ‹·L
·L
22
(1, 2, ≠1/2)
ei =
1
e, µ, ·
2
(1, 1, ≠1)
Higgs H (1, 2, +1/2)
Table 1.1: Representations of the SM field content. Numbers in the brackets denote the
dimension of the representation of SU(3)c, SU(2)L and charge under U(1)Y correspondingly.
The Lagrangian of the SM consists of the gauge, fermion and scalar sectors, and is written in terms
of renormalizable operators up to dimension d = 4.
The gauge sector contains the invariant product of field strengths of the gauge bosons
Lgauge = ≠14Fµ‹F
µ‹ ≠ 14W
a
µ‹W
µ‹
a ≠
1
4G
A
µ‹G
µ‹
A , (1.1)
where the field strength is
V µ‹A = ˆµV ‹A ≠ ˆ‹V µA ≠ gfABCV µBV ‹C , (1.2)
where g is the coupling constant and fABC are the group structure constants, defined by a com-
mutator of generators   of the group
[ A, B] = ifABC C .
The SU(2) generators read  a = ·a/2, where ·a are Pauli matrices, and the SU(3) generators are
 A = ⁄A/2, with ⁄A being Gell-Mann matrices. Sign conventions vary in literature, Ref. [40]
considers all possible sign conventions at once.
The fermionic sector contains the kinetic term and the Yukawa term, describing the Gauge–fermion
and Higgs–fermion interactions correspondingly
Lf =
ÿ
f=q,u,d
f¯ iDµf ≠
1
(qiLH)yijd d+ (qiLÊH)yiju u++(liLH)yije e+ h.c.2 , (1.3)
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where in order to give mass to the up type quarks, the conjugated Higgs doublet ÊH © i· 2Hú with
the hypercharge ≠1/2 is introduced.
In general the Yukawa matrices yij are complex and are not diagonal in the fermion generations
space. Indeed, after the absorption of the complex phases by the redefinition of the fermionic
fields and the diagonalisation of the fermion mass matrix, the flavour non-diagonal matrix known
as Cabibbo-Kobayashi-Maskawa (CKM) matrix encodes the flavour changing interactions of the
fermion doublets and W boson.
The Higgs Lagrangian contains the kinetic term, describing interactions with the gauge bosons,
and a potential
LH = (DµH)†DµH ≠ V (H), (1.4)
with the covariant derivative defined according to the charge assignments for the Higgs doublet
DµH = ˆµH +
ig
2 W
a
µ ·
aH + ig
Õ
2 BµH (1.5)
The only two renormalizable and gauge invariant terms of the potential are weighed by the dimen-
sionful parameter µ and the dimensionless self coupling ⁄. The potential therefore reads
V (H) = ≠µ2|H|2 + ⁄|H|4 (1.6)
The local gauge symmetries allow for the elimination of the three out of four scalar degrees of
freedom of the Higgs doublet. This gauge choice corresponds to the unitary gauge (u.g.) and the
remaining scalar is the physical Higgs boson. To minimize the potential, the Higgs field develops
a non-zero vacuum expectation value (VEV)
H =
A
Hu
Hd
B
u.g.æ 1Ô
2
A
0
h+ v
B
, ÊH = AÊHuÊHd
B
u.g.æ 1Ô
2
A
h+ v
0
B
, (1.7)
where h is the fluctuation of the field around the minimum of the potential, v2 = µ2/⁄ is the VEV
and 1/
Ô
2 factor accounts for the proper normalization of the kinetic term of a real scalar field h.
In this way the spontaneous electroweak symmetry breaking (EWSB) is realised. The unphysical
gauge bosons mix and the physical combinations of them result in the massive W and Z bosons
and massless photon. At the same time the Higgs field itself gets mass. The bosonic masses have
the following expressions
M2W =
1
4g
2v2, M2Z =
1
4(g
2 + gÕ2)v2, M2H = 2⁄v2, (1.8)
where gÕ and g are the coupling constants of the gauge groups SU(2)L and U(1)Y correspondingly.
Finally the fermions of the SM obtain masses proportional to the v and to the Yukawa coupling y.
Assuming that (1.6) is a correct description of the Higgs potential, the Higgs mass, measured to
be 125 GeV [41], together with the known expression of Z boson mass and the gauge coupling
constants, allows to reconstruct the values of the parameters of the scalar potential
v = 246 GeV, ⁄ = 0.13∆ µ ≥ 90 GeV (1.9)
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The Higgs sector of the SM can be rewritten in a di erent way, from which the global structure of
the scalar sector can be seen more easily. Denoting the components of the doublet as („0,„1,„2,„3),
the Higgs field and its conjugate before EWSB read
H = 1Ô
2
A
„2 + i„1
„0 ≠ i„3
B
, H˜ © i‡2Hú = 1Ô2
A
„0 + i„3
≠„2 + i„1
B
. (1.10)
The index assignment of the components of the doublet will become clear in the following. We
can rewrite the Higgs sector of the SM, introducing a bidoublet notation
M(x) = „0(x) 1+ i„(x)· =
A
„0 + i„3 „2 + i„1
≠„2 + i„1 „0 ≠ i„3
B
© Ô2
1
H˜ H
2
(1.11)
where the latter notation stands for the matrix where the columns coincide with the components
of the corresponding doublets. The scalar invariant can be obtained by taking the trace È. . . Í of
the product of the M and its hermitian conjugate
1
2ÈM
†MÍ = „20 + „2 (1.12)
The scalar potential rewritten in terms of bidoubletM(x) is similar to the one of the linear sigma
model [28], which is discussed in greater details further on
V (M) = ⁄
31
2ÈM
†MÍ ≠ v2
42
. (1.13)
It obeys global SU(2)L ◊ SU(2)R symmetry with the following transformation property
M(x)æ LM(x)R†,
L = eila a , R(x) = eira a ,
(1.14)
where la and ra are space-time independent parameters of the global transformations. The global
symmetry of the scalar potential is violated explicitly by U(1)Y gauging and by the Yukawa
couplings of the right-handed fermionic fields.
The local symmetry transformations can be embedded into the global SU(2)L ◊ SU(2). Indeed,
taking into account that the hypercharges of H and ÊH are opposite in sign one can write the
transformation law under the local SU(2)L ◊ U(1)Y as following
M(x)æ L(x)M(x)R†3(x),
L(x) = eila(x) a , R3(x) = eir
3(x) 3 ,
(1.15)
where la(x) and r3(x) this time are space-time dependent parameters of the local transformations.
The GSM covariant derivative reads
DµM(x) = ˆµM(x) + igW aµ aM(x)≠ igÕBµM(x) 3. (1.16)
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In the bidoublet notation the Higgs sector of the SM is
L = 14ÈDµM
†DµMÍ ≠ 1Ô
2
(qLMYq qR + lLMYl lR + h.c.)≠ V (M), (1.17)
Where flavour indexes are suppressed and right-handed doublets qR = (uR, dR), lR = (0, eR) with
generalised Yukawa matrices have been introduced
Yq =
A
yu 0
0 yd
B
, Yl =
A
0 0
0 ye
B
. (1.18)
In the limit of gÕ æ 0 and yu = yd the global SU(2)L ◊ SU(2)R is exact. The vacuum state
ÈMÍ =
A
v 0
0 v
B
, (1.19)
breaks the global symmetry down to vectorial subgroup SU(2)V which is also known as custodial
symmetry [42].
If only SU(2)L is gauged, the Higgs mechanism provides an equal mass to W and Z bosons
MW = MZ = gv/2, which reflects the fact that all the three gauge bosons belong to the triplet of
the custodial symmetry group. The e ect of the U(1)Y gauging results in the splitting between
the gauge bosons masses and can be characterised by a dimensionless parameter
ﬂ = M
2
W
M2Z cos ◊W
, (1.20)
where cos ◊W = g/
Ô
g2 + gÕ2. The custodial symmetry guarantees that at tree level the value of the
parameter is ﬂ = 1. In the SM it receives loop corrections proportional to the custodial violating
coupling gÕ and to the di erence between the Yukawa couplings of fermion doublets.
It is possible to introduce one more parametrisation of the scalar sector, the so called non-linear
one. Consider the non-linear coordinate redefinition („0,„)æ (Ï,ﬁ)
„0(x)æ Ï(x) cos (iﬁ(x)·/v) ,
„(x)· æ Ï(x) sin (iﬁ(x)·/v) , ∆ M(x)æ Ï(x) U(x), U(x) = e
iﬁ(x)·/v, (1.21)
The dimensionless object U(x) represents a matrix of would-be-Goldstone bosons of the Standard
model. The field Ï(x) is a singlet under GSM , while all the transformation properties are carried
out by the matrix U(x)
Ï(x)æ Ï(x), U(x)æ L(x)U(x)R†3(x). (1.22)
Finally the Higgs potential V (Ï) = ⁄ (Ï2 ≠ v2)2 triggers EWSB, and the field Ï develops a VEV
giving rise to the physical Higgs boson
Ïæ h+ v. (1.23)
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Figure 1.1: Dominant SM contributions to Higgs mass parameter at one loop.
The Lagrangian after EWSB is rewritten accordingly
L = 12ˆµhˆ
µh+ (h+ v)
2
4 ÈDµU
†DµUÍ ≠ (h+ v)Ô
2
1
qLUYq qR + liLUYl lR + h.c.
2
≠ V (h),
V (h) = 12m
2
hh
2 + ⁄vh3 + ⁄4h
4.
(1.24)
With the covariant derivative defined in the same way as for M(x)
DµU(x) = ˆµU(x) + igW aµ aU(x)≠ igÕBµU(x) 3. (1.25)
The kinetic term of the would-be-Goldstone bosons accompanied by (h+ v)2 in the unitary gauge
UU.G. = 1 provides the mass terms for the W and Z bosons, while the photon remains massless.
It is important to note that despite the fact that the scalar Lagrangian contains arbitrary high
powers of the ﬁ fields, the SM remains renormalizable [43]: the non-linear field redefinition does
not a ect the property of renormalizability.
Hierarchy problem The parameters of the scalar sector of the SM with the values given in
Eq. (1.9) are the input parameters, reconstructed from the tree level expressions for the observables.
At loop order they receive quantum corrections. The most relevant ones are of top quark (due to
the big value of yt), gauge bosons and Higgs boson loops, they all contain quadratically divergent
contributions and are not suppressed by a small coe cient.
Assuming that the SM is an e ective theory, which is valid only up to a cuto  energy scale  , the
quantum corrections of the diagrams Fig 1.1 read [44]1
”µ(t)
22 ≥ ≠ 38ﬁ2y2t 2,1
”µ(g)
22 ≥ 116ﬁ2 g2 2,1
”µ(H)
22 ≥ 116ﬁ2⁄2 2.
(1.26)
The top quark loop numerically has the largest contribution and contributes negatively to the Higgs
mass parameter, while the bosonic loops are smaller and contribute positively. The resulting mass
parameter at one loop reads:
µ2 = µ2tree +
ÿ
t,g,H
”µ2 (1.27)
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Thus, for example for   = 10TeV, in order to obtain µ ≥ 100GeV, we need to set µtree ≥ 2TeV
to cancel the contribution of the SM loops almost precisely. This fact is referred to as hierarchy
problem, which manifests itself in the large amount of fine-tuning required to obtain the observed
value of the Higgs mass parameter [45]. The observed value of it is a small part of the contribution
generated by the SM loops
µ2/
ÿ
t,g,H
”µ2 ≥ 1% for   = 10 TeV. (1.28)
A smaller value of this ratio corresponds to a higher fine-tuning.
The clear way out of this problem is to lower the cuto  scale. Indeed for a lower cuto  the problem
is not so dramatic and the fine-tuning is reasonable, for example
µ2/
ÿ
t,g,H
”µ2 ≥ 25% for   = 1 TeV. (1.29)
Naively, the SM is valid all the way up to the Plank scaleMP ≥ 1018 GeV . At this energy the e ects
of quantum gravity are expected to become important. If there is no new physics responsible for
the Higgs mass generation and protection all the way up toMP , the tree level input parameter and
the quantum corrections would have to cancel with incredible precision of order µ2/”µ2 ≥ 10≠30.
Even if one rejects the cuto  argument used above (for example by using the scaleless regulariza-
tion scheme, such as dimensional regularization [46], see Ref. [47]) the hierarchy problem can be
understood as the unclear mechanism separating MP and EWSB scale v. There are strong theo-
retical evidences that new physics must be present at lower scales in order to explain the origin of
neutrino masses, the strong CP problem and dark matter. Most of the solutions to the mentioned
problems require introduction of new heavy quantum states. If this is the case the masses of those
new states will play the role of the cuto  scale   and in turn will introduce fine-tuning in the
theory, unless some mechanism protects the mass parameter from quantum corrections of all the
states in the extended theory.
The Higgs parameter thus is seen as unnaturally small. Following t’Hooft [48] the concept of
naturalness can be formulated as follows: “A parameter can be naturally small only if setting it to
zero increases the symmetry of the system”. In this case one says that the parameter is protected by
the symmetry. While a non-zero value of the parameter breaks the symmetry, quantum corrections
will be suppressed due to fact that the system obeys the approximate symmetry. The SM does
not have any symmetry protecting the Higgs mass parameter.
One possible solution is that the Higgs might be a pseudo-Nambu-Goldstone boson (pNGB) of the
global symmetry breakdown. In the following we will first discuss the properties of the GB in low
energy QCD and then focus on the pNGB Higgs.
1.2 Goldstone bosons
In this section we are to describe the notion of Goldstone boson and then apply it to the cases of
pion physics and BSM physics. All the developed concepts will be then applied to construct the
linear sigma model for the Goldstone Higgs described in Chapters 2 and 3.
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A common feature of particle physics models is the presence of a continuous internal symmetry
manifesting itself in the invariance of the Lagrangian of the theory under a group of transformations
parametrised by a continuous parameter. The parameter may be space-time dependent, and then
one talks about local symmetry, or constant, with the corresponding symmetry being global in
this case. We will focus on the global case. If the potential of the theory is such that some of
the scalar fields develop a non-zero vacuum expectation value then the ground state of the theory
has less symmetry than the original Lagrangian. The symmetry is thus broken or hidden, since
the resulting Lagrangian is not manifestly invariant under the original transformation group. This
phenomenon is known as a spontaneous symmetry breakdown. The Nambu-Goldstone theorem
states that in a theory with spontaneous breakdown of a global symmetry, for every
generator of the broken symmetry there is a correspondent massless spinless particle,
representing the transformations of the vacuum state along the broken directions.
First discovered by Nambu [49] in the context of superconductivity, it has been subsequently
generalized by Goldstone [50] for the case of QFT and summarised in Ref. [51].
Consider a global continuous symmetry G, dim(G) = N , broken down spontaneously to the group
H, dim(H) = K < N . The vacuum state of the theory |0Í, which can be understood as vector
of VEVs of the scalar fields, is invariant only under the action of a group element of H, but not
of an element from the coset G/H. Considering the infinitesimal transformations we can see that
the generators V a, a = 1, . . . , n corresponding to the unbroken symmetry annihilate the vacuum,
while the broken ones Aaˆ, aˆ = K + 1, . . . , N do not
ei–V
a|0Í = |0Í ∆ V a|0Í = 0,
ei–A
aˆ|0Í ”= |0Í ∆ Aaˆ|0Í ”= 0, (1.30)
where – is the parameter of the transformation. By definition the vacuum state is the state with
the minimum possible energy Emin. Since G is the symmetry of the theory, all the group elements,
including the ones with the broken generators, commute with the Hamiltonian and therefore
H
1
ei–A
aˆ|0Í
2
= Emin
1
ei–A
aˆ|0Í
2
. (1.31)
The states obtained by the action of a group element from the coset G/H correspond to a degenerate
set of states having the same energy as the ground state. Thus, we obtain a degenerate set of
N ≠K vacuum states connected to each other by transformations proportional to the generators
of broken symmetries.
1.2.1 Pions as Pseudo-Nambu-Goldstone bosons in QCD
In this subsection we describe a QFT model of pion interactions: the linear sigma model with
spontaneous chiral symmetry breaking. The non-linear sigma model will be obtained by integrating
out the scalar state ‡, which is not a part of the observed low energy QCD spectrum and therefore
can be removed from, assuming that it is much heavier than pions. The dynamics of pions at low
energies is described in terms of leading and next to leading order non-linear e ective Lagrangians.
We will mention the explicit symmetry breaking needed to provide non-zero mass to pions, making
them pseudo-Goldstone bosons.
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Quantum Chromo Dynamics (QCD) is the fundamental theory of the strong interaction of quarks
and gluons. It is a gauge theory based on the local SU(3)c group. At low energy it has the property
of confining, meaning that colored objects – quarks, gluons or their non-color-neutral combinations
cannot be observed separately in an experiment. Instead they form composite objects consisting of
multiple (anti-)quarks. Historically the first observed composite objects of this type were protons
and neutrons – the constituents of the physical nuclei and therefore called nucleons.
Later on it was proposed by Yukawa [52] that nucleons stick together in the atom due to the strong
nuclear force, with the force carrier being nearly degenerate in mass triplet of pions (ﬁ0, ﬁ±). From
the typical size of the atom it was possible to estimate the mass of the pions being of order 100
MeV.
From the high energy perspective pions are understood as composite objects made of u and d (anti-
)quarks, while from low energy they are seen as the pNGB of a global symmetry breaking. The
pNGB nature explains why pions are significantly lighter than all the other known QCD states.
The global symmetry SU(2)L ◊ SU(2), called chiral symmetry, is dictated by the underlying
symmetry of quasi-degenerate quark (u, d) doublet. It is broken down to the vectorial subgroup
by spinless quark condensate developing a non-zero vacuum expectation value, Èq¯LqÍ ”= 0, which
is not invariant under the whole chiral group. Inclusion of the additional strange quark, being
heavier than the other two, into a triplet of quarks (u, d, s) transforming under global flavour
group SU(3)F accommodates for the additional pNGB states: 4 kaons and the ÷-meson, together
with pions forming an adjoint 8 representation of SU(3)F . In the following discussion we will
restrict ourselves to the case of pions only.
Linear ‡ - model
The linear sigma model is a phenomenological model constructed by Levi and Gell-Mann [28] to
describe the interaction of nucleons with pions.
Consider a doublet of nucleon fields consisting of proton and neutron fields
N =
A
p
n
B
. (1.32)
Even though those two states di er by a unit of electrical charge, from a purely hadronic perspective
they are very similar: they have almost the same mass mp = 938 MeV, (mn ≠mp)/mn = 0.13%
and are known to interact in a similar manner. Therefore in the limit of vanishing electroweak
interactions, the description of the states as a doublet is a good approximation. The kinetic part
of the nucleon Lagrangian, written in terms of chiral fields ,
L = iN¯L /ˆNL + iN¯R /ˆNR, (1.33)
obeys a global chrial symmetry G = SU(2)L◊SU(2) under which the nucleon doublet transforms
as
NL æ LNL, L = eila a ,
NR æ RNR, R = eira a ,
(1.34)
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with la and ra being parameters of a global SU(2) transformations.
In infinitesimal form they can be rewritten as
”NL = ila aNL,
”NR = ira aNR,
æ ”N = i(va ≠ aa“5) aN, with v
a = (la + ra)/2,
aa = (≠la + ra)/2. (1.35)
where va, aa are the parameters of vectorial or isospin group transformation SU(2)V and axial or
pure chiral transformation SU(2)A correspondingly.
If one naively attempts to introduce the mass term of the nucleon field this would break the axial
symmetry explicitly, leaving only the vectorial one. Indeed, the mass term is a cross term between
left and right chiral fields. Under SU(2)L ◊ SU(2) symmetry it transforms as
N¯LN æ N¯Le≠ila aeirb bN (1.36)
For this to be invariant one has to put a constraint on the transformation parameters, la = ra,
which corresponds to a smaller symmetry H = SU(2)V . Not to break axial symmetry explicitly
but instead spontaneously Gell-Mann and Levy introduced a bidoublet of scalar fields
M(x) = ‡(x) 1+ iﬁ(x)· , (1.37)
containing four scalar fields: singlet ‡ and triplet of pions ﬁ. The chiral symmetry transformation
reads
Mæ LMR†. (1.38)
Using the expression for the product of Pauli matrices ·a· b = ”ab1+ iÁabc·C the explicit transfor-
mation properties of the field in infinitesimal limit are derived
”‡ = aaﬁa, ”ﬁa = ≠Áabcvbﬁc ≠ aa‡. (1.39)
The fields variations are linear functions of the non-transformed field. Therefore the chiral sym-
metry is realised linearly on the set of scalar fields.
The renormalizable chiral invariant Lagrangian describes the nucleon-scalar system with the in-
teraction strength parametrised by coupling constant g
L = iN¯ /ˆN + 14ÈˆµM
†ˆµMÍ ≠ V (M)≠ gN¯LMN ≠ gN¯M†NL, (1.40)
where the second term gives rise to kinetic terms of the scalar fields, V (M) is the scalar potential
and the last two terms describe the interaction of nucleons with the scalars, which in terms of
physical fields can be written as
≠g‡N¯N ≠ igﬁN¯“5·N. (1.41)
The second term of Eq. (1.41) describes the interaction of nucleons with the triplet of pseudoscalar
pions which are indeed observed in QCD. Nevertheless this model does not meet yet the observa-
tions for the following reasons:
1. Nucleons are known to have mass, but for the moment they remain massless. In order to
introduce nucleon masses spontaneous symmetry breaking has to occur.
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2. The ‡ particle introduced previously is not exactly the state observed in QCD spectrum.
Even though there is a state f0(500) with the appropriate quantum numbers (0++) it is very
broad and is barely seen in experiments. It is also about 5 times heavier than pions. We will
integrate out the ‡ particle from the spectrum and concentrate on the physics of pions only.
This will lead to the non-linear ‡ - model.
3. Even though pions are decoupled from the heavy hadrons spectrum (mﬁ/mp ≥ 10%), they
do have a non-zero mass mﬁ ≥ 140 MeV. In order to introduce the pion mass an explicit
symmetry breaking is needed.
4. Multi-pion processes have been observed in the experiments, but the Lagrangian of the linear
‡-model (1.40) does not contain any interactions between pions and has to be extended.
In the following we address each of these problems.
Spontaneous symmetry breaking: nucleon masses.
Lagrangian (1.40) does not contain a mass term for the nucleon field, but it does contain nucleon–
scalar interactions and a scalar potential, which has not been specified yet. The mass can be
obtained if one of the scalars obtains a non-zero VEV.
The potential is written in terms of scalar chiral invariants, such as
1
2ÈM
†MÍ = ‡2 + ﬁ2. (1.42)
The trace of the product of higher number of M for the 2 ◊ 2 case is proportional to the same
combination ‡2 + ﬁ2 [53]. There are only two d Æ 4 terms without derivative
d = 2 : ÈM†MÍ, (1.43)
d = 4 : ÈM†MÍ2. (1.44)
Therefore the potential is parametrised by two independent coe cients and can written as
V = ⁄
1
‡2 + ﬁ2 ≠ F 2
22
, (1.45)
where F is a dimensionful parameter and the dimensionless ⁄ parametrises self couplings among
scalar fields. The parameter ⁄ must be positive, such that the potential is bounded from below.
To break the chiral symmetry F 2 must be positive as well, while a negative value corresponds to
the situation with no spontaneous breaking and is disregarded. To minimize the potential, the ‡
scalar obtains a non-zero VEV. With a slight abuse of notation we will denote by the same letter
both the unphysical scalar field and its physical fluctuation around vacua
‡(x)æ F + ‡(x). (1.46)
The Lagrangian after the shift reads
L = iN¯ /ˆN ≠mNN¯N + 12ˆµ‡ˆ
µ‡ + 12ˆµﬁˆ
µﬁ ≠ g‡N¯N ≠ igﬁN¯“5·N ≠
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Figure 1.2: Growing ⁄ shrinks the potential. The limit ⁄ æ Œ sets a restriction on the
potential and eliminates one degree of freedom.
≠ ⁄
1
‡2 + ﬁ2
22 ≠ 4‡⁄F 1‡2 + ﬁ22≠ 12m2‡‡2, (1.47)
where fermion and scalar masses are
mN = gF, m2‡ = 8⁄F 2. (1.48)
We can see that even though those masses are proportional to the same scale F they are controlled
by two di erent dimensionless parameters g and ⁄. Since these parameters are independent in
theory the hierarchy between fermionic and scalar mass could be arbitrary.
The VEV of ‡ breaks the chiral symmetry SU(2)L ◊ SU(2) down to SU(2)V
ÈMÍ = F 1æ LÈMÍR† = F (LR†)∆ L = R∆ aa = 0, (1.49)
while pions remain as massless degrees of freedom being Goldstone bosons associated to the three
broken generators of SU(2)A.
Since we disregarded isospin breaking e ects the nucleons as well as pions masses are equal. In
the following the isospin group SU(2)V will be considered an exact symmetry.
Non-Linear ‡-model.
The linear ‡-model is a renormalizable theory, accounting for the spontaneous chiral symmetry
breaking and describing pions as QCD Goldstone bosons (at the moment yet massless). We have
assumed that the object M(x) is a simple linear function of the fields ‡(x) and ﬁ(x), such that
they transform linearly under the chiral symmetry. As the ‡ particle has not been observed , 1 it
can be seen as an artefact of the mathematical apparatus used to construct the theory.
The most straightforward way to remove the ‡ scalar from the spectrum is to integrate it out
assuming it is heavy. According to Eq. (1.48) in order to obtain m‡ æŒ limit, while still keeping
1The observed 0++ state f0(500) has a very large width [54] and cannot be identified with the scalar of the
linear sigma model.
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masses of nucleon finite the limit ⁄ æ Œ has to be taken. Bigger ⁄ corresponds to a sharper
potential as illustrated by Fig.1.2. The limit ⁄ æ Œ e ectively turns the potential into a delta
function V ≥ ” (‡2 + ﬁ2 ≠ F 2). In this case the energy required to excite a physical particle is
infinite. This can be seen as a constraint on a field content of the theory
‡2 + ﬁ2 ≠ F 2 = 0 ∆ ‡ = F
Ò
1≠ ﬁ2/F 2. (1.50)
It is convenient to introduce a dimensionless matrix of Goldstones U as a non-linear function of
pion fields parametrising the coset SU(2)L◊ SU(2)/SU(2)V and containing the scale F explicitly
.
Mæ ﬂ U, U =
Ò
1≠ ﬁ2/F 2 + iﬁ·/F, ÈU†UÍ = 1. (1.51)
The potential is then written only in terms of the field ﬂ
V = ⁄
31
2ÈM
†MÍ ≠ F 2
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∆ V = ⁄
1
ﬂ2 ≠ F 2
22
. (1.52)
To minimize the potential the field ﬂ develops a VEV ÈﬂÍ = F and obtains a mass m2ﬂ = 8⁄F 2. In
the infinite scalar mass limit ﬂ is simply replaced by its VEV and becomes non-dynamical.
An equivalent way to parametrise the scalar fields is
‡ æ ﬂ cos (iﬁ·/F ) ,
ﬁ· æ ﬂ sin (iﬁ·/F ) , ∆ Mæ ﬂ U, U = e
iﬁ·/F = e2iﬁaTa/F , (1.53)
where U is the Goldstone bosons matrix in exponential parametrisation. It has been shown [55]
that the physical results are independent from the choice of coordinates 2. For this reason we use
the same letter ﬁ to denote pions before and after the non-linear field redefinition. In the following
we will use the exponential form for U.
The transformation properties of U are the same as of M
Uæ LUR†. (1.54)
To derive the pion field transformation law we restrict the chiral transformation first to the vectorial
and then to the axial subgroup. According to (1.35) the vectorial subgroup induces the following
transformation
aa = 0 ∆ la = ra = 2va, (1.55)
Uæ eiva·aUe≠iva·a . (1.56)
From the expansion of U as a power series of ﬁ it follows that the pion field transforms linearly
under the unbroken group SU(2)V
ﬁ· æ eiva·aﬁ·e≠iva·a , (1.57)
2In Chapter 4 we will introduce a general parametrisation of the Goldstone bosons matrix and show that the
expressions for the on-shell scattering amplitudes are parametrisation independent.
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while under the spontaneously broken group SU(2)A it transforms non-linearly
va = 0 ∆ ≠la = ra = 2aa, (1.58)
Uæ e≠iaa·aUe≠iaa·a (1.59)
(1 + iﬁ·/F + . . . )æ (1≠ iaa·a +O(a2))(1 + iﬁ·/F + . . . )(1≠ iaa·a +O(a2)). (1.60)
Perturbatively the latter transformation can be written as
ﬁa æ ﬁa ≠ 2aaF +O(ﬁ2), (1.61)
containing a constant shift of the pion field. This shift signals the spontaneous breaking of the
correspondent symmetry and forbids the mass term for pions.
The non-linear sigma model is defined by the chiral invariant Lagrangian (1.40) in the limit of
infinite scalar mass
L = iN¯ /ˆN + F
2
4 ÈˆµU
†ˆµUÍ ≠ gFN¯LUN ≠ gFN¯U†NL. (1.62)
The potential has been eliminated by the restriction (1.50), promoting the heavy scalar field to be
non-dynamical. The kinetic term of pions dictates higher order interaction terms, which can be
read out expanding U in terms of physical fields
L ∏ 12ˆµﬁˆ
µﬁ + 16F 2 (ﬁˆµﬁ)(ﬁˆ
µﬁ)≠ 16F 2 (ﬁﬁ)(ˆµﬁˆ
µﬁ) +O(ﬁ6) (1.63)
Linear corrections to the non-linear ‡-model
The restriction (1.50) corresponds to the exact ⁄æŒ limit. Keeping ⁄ large but finite and solving
perturbatively the equations of motion for the heavy scalar, one obtains the e ective Lagrangian
describing interactions of pions written as 1/⁄ expansion. In the following we demonstrate the
e ects of finite ⁄.
Disregarding the nucleon fields, the Lagrangian of the linear sigma model (1.40) in the exponential
parametrisation is rewritten as
L = 12ˆµﬂˆ
µﬂ+ ﬂ
2
4 ÈˆµU
†ˆµUÍ ≠ ⁄(ﬂ2 ≠ F 2)2. (1.64)
The equation of motion for ﬂ reads
⇤ﬂ≠ ﬂ2ÈˆµU
†ˆµUÍ+ 4⁄ﬂ
1
ﬂ2 ≠ F 2
2
= 0. (1.65)
The perturbative solution up to the next to leading order in 1/⁄ expansion
ﬂ = ﬂ0 + ﬂ1/⁄+O(1/⁄2), (1.66)
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results in the corresponding e ective Lagrangian
L = L0 + L1/⁄+O(1/⁄2). (1.67)
Solving the equation of motion for ﬂ order by order we obtain
ﬂ0 = F, (1.68)
ﬂ1 =
1
16F ÈˆµU
†ˆµUÍ. (1.69)
Plugging these expressions back to the Lagrangian in addition to the pion kinetic term we obtain
the NLO correction [53]
L1 = ≠⁄
32Fﬂ1
⁄
42
= ≠ F
2
8m2‡
ÈˆµU†ˆµUÍ2, (1.70)
where we have traded ⁄ for the mass of the heavy scalar.
Explicit symmetry breaking: pion masses
The theory we have constructed up to now describes the interactions of massless pions, as the
group G remains exact symmetry of the Lagrangian. Pions do have mass and therefore the chiral
symmetry has to be broken explicitly. In the underlying fundamental theory of pion interactions
- QCD - it is the mass matrix of quarks what breaks the chiral symmetry. The rigorous way to
introduce pion masses in the context of non-linear QCD is through source fields, which will allow
to track the explicit breaking of the symmetry. The sources are auxiliary fields, allowing for a
formally chiral invariant Lagrangian. Fixing the values of source fields to non-dynamical values
we will obtain the physical Lagrangian with massive pions.
Consider the simplest scalar source ‰ of canonical dimension d = 2 and promote it to have the
following transformation properties under the chiral symmetry
‰æ R‰L† (1.71)
The only scalar invariant involving both GBs and source fields reads
d = 2 : È‰U† +U‰†Í. (1.72)
The Lagrangian of the non-linear sigma model with a scalar source then reads
L2 = F
2
4 ÈˆµU
†ˆµUÍ+ F
2
4 È‰U
† +U‰†Í, (1.73)
where index 2 indicates the canonical dimension of the terms, disregarding the constant F .
Setting È‰Í = m2ﬁ results in the mass term for pion
≠12m
2
ﬁﬁﬁ +O(ﬁ4). (1.74)
The pion mass term breaks the axial symmetry explicitly, while the vector one remains intact.
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E ective Lagrangian
Lagrangian (1.73) represents the minimal set of terms required to give an approximate description
of pion physics. This framework can be extended by the inclusion of higher dimensional terms
d > 2. The general basis of d = 4 terms was first derived by Gasser and Leutwyler [56] and for
the case of SU(2)◊ SU(2) chiral symmetry reads
L4 = –1ÈˆµUˆµU†Í2 + –2ÈˆµUˆ‹U†ÍÈˆµUˆ‹U†Í+ (1.75)
+ –4ÈˆµUˆµU†ÍÈ‰U† +U‰†Í+ –5È‰U† +U‰†Í2,
where –i are dimensionless coe cients with measured values of order 10≠2 –10≠3.
To ensure the convergence of the expansion in canonical dimension the higher order terms have
to be suppressed by a scale  . Any additional power of the derivative or pion mass will be then
accompanied by an inverse of the sale. To reveal the general counting scheme we rewrite the kinetic
term in a symbolic form, omitting the numerical coe cient and keeping track of scales
F 2 2
A
ˆµ
 U
B2
. (1.76)
Taking into account that each pion field is suppressed by F it is easy to estimate the contribution
of any vertex with Nﬁ pion fields originating from this term
F 2 2
A
ˆ
 
B2 A
ﬁ
f
BNﬁ
. (1.77)
Generalizing this result to Np powers of derivatives and Nm mass insertions the counting formula
reads [57,58]
F 2 2
A
ˆ
 
BNp 3mﬁ
 
4Nm Aﬁ
f
BNﬁ
. (1.78)
To estimate the relative weight between the Lagrangians with two and four derivatives we will
focus on the ﬁﬁ æ ﬁﬁ scattering. Each derivative corresponds to a characteristic energy of the
process ˆ ≥ E. Using the counting formula Eq. (1.78) the contributions read
L2 : (ˆ2ﬁ4) æ E
2
F 2
, (1.79)
L4 : (ˆ4ﬁ4) æ E
2
 2
E2
F 2
. (1.80)
The contribution of four-derivative term is suppressed by a factor (E/ )2 and can be neglected
at low energies E π  . Thus, the expansion in "derivatives" (both space-time derivative and
mass are counted the same) allows for a more precise description, taking into account the (E/ )
corrections to the leading order (LO) Lagrangian with two derivatives. This expansion is known
as chiral perturbation theory and can be summarised as
L = L2 + L4 + . . . . (1.81)
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The expansion above is valid all the way up to the energies E =  , at which all the terms give
contributions of the same order and the expansion breaks down.
Now consider loop corrections to the tree level 4ﬁ scattering amplitude. Computing the e ects of
virtual particles at one loop with the LO Lagrangian vertexes results in
Lloop2 æ
3
E
4ﬁF
42 E2
F 2
(fin+ div), (1.82)
where "finite" is the dimensionless finite part of the amplitude, "div" denotes the infinite term
extracted for example by dimensional regularisation and the 4ﬁ coe cient is the result of loop
momentum integration. This divergence is proportional to four powers of energy and cannot be
reabsorbed by the leading order terms, L4 counterterms are required instead. Thus, higher order
terms in the chiral expansion are needed for the consistency of the chiral perturbation theory at
loop level. The validity of the loop expansion requires the loop contribution to be subdominant
to the tree level one, which is true for E < 4ﬁF .
Assuming that the tree level NLO contribution is compatible with the loop contribution or larger
F 2
 2 Ø
1
16ﬁ2 (1.83)
we obtain the famous relation [58]
  Æ 4ﬁF. (1.84)
External gauging
Using the language of external sources it is possible to introduce also the SM gauge fieldsW and Z
by gauging the electroweak group. Pions are composed of particles charged under SU(2)L◊U(1)Y
and therefore they participate in those interactions as well. Under U(1)em, embedded into the
unbroken SU(2)V , pions form a triplet (ﬁ≠, ﬁ0, ﬁ+). We omit the details here and will mention
several properties of the gauged non-linear sigma model.
• Leptonic decays of pions. The pion is the lightest hadron and remains stable if electroweak
interactions are switched o . Turning on the EW interaction allows for leptonic decay of
charged pion ﬁ+ or ﬁ≠ predominantly into µ+‹µ or µ≠‹¯µ correspondingly, with branching
ratio ≥ 99%. The Goldstone boson scale enters in the expression for the matrix element of
quark axial current È0|jµ5 |ﬁ≠(p)Í = iFpµ with jµ5 = 1Ô2 u¯“µ“5d , parametrizing the hadronic
part of the decay amplitude and consequently in the pion lifetime [59]. It is identified with
the pion decay constant F = 93 MeV.
• Di erence of masses of ﬁ± and ﬁ0. The quark composition of charged and neutral pions
is di erent. Electromagnetic interactions violate the SU(2)V symmetry, generate a pion
potential and introduce a small splitting between the masses of pions (mﬁ+≠mﬁ0)/mﬁ+ ≥ 3%.
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Under the assumption that the dominant contribution to pion form factors comes from the
first heavy meson resonances ﬂ and a1 (so-called vector dominance) the splitting reads [60]
m2ﬁ± ≠m2ﬁ0 ƒ
3–em
4ﬁ
m2ﬂm
2
a1
m2a1 ≠m2ﬂ
log
A
m2a1
m2ﬂ
B
∆ mﬁ± ≠mﬁ0 ≥ 5.8MeV (1.85)
which is in good agreement with experimental value mﬁ± ≠mﬁ0 ƒ 4.6 MeV.
It is interesting too see that assuming that the splitting is controlled by a cuto    ≥ 4ﬁF
we can estimate the mass splitting purely from the dimensional analysis as
m2ﬁ± ≠m2ﬁ0 ƒ
–em
4ﬁ (4ﬁF )
2 ∆ mﬁ± ≠mﬁ0 ≥ 8.8 MeV (1.86)
• Massive W± and Z. QCD vacuum state breaks chrial invariance and therefore it breaks
electroweak symmetry down to U(1)em, a situation completely analogous to the SM itself,
with the only di erence that there is no physical scalar obtaining the VEV. The pions are
eaten to form longitudinal polarisations of W and Z bosons and therefore the gauge bosons
obtain masses [45]
mW =
gF
2 ƒ 29 MeV, mZ =
gF
2 cos ◊W
ƒ 33 MeV. (1.87)
The values obtained are by 3 orders smaller than the real ones, though the important obser-
vation that the strong dynamics is able to provide a mass to the gauge bosons has led to the
idea of technicolor and consequently to Composite Higgs models.
1.2.2 Higgs as Pseudo-Nambu-Goldstone boson in BSM
One possible solution to the hierarchy problem is to promote the physical Higgs boson to be
a pseudo-Nambu-Goldstone boson of a global symmetry breaking. In this case, on dimensional
analysis grounds the Higgs mass parameter does not receive corrections from arbitrary high scales
of the BSM theory, but instead only from the global symmetry breaking scale multiplied by the
explicit symmetry breaking parameters. While still some fine-tuning is typically required, the
Goldstone Higgs option represents a tempting possibility for the new physics and will be discussed
in details in what is following.
A peculiar feature of pNGB Higgs is the split spectrum – the Higgs, being the lightest state of the
new sector, is significantly lighter than all the other new states and in the limit of the unbroken
global symmetry remains precisely massless. Thus the non-observation of the new states at scale
v is thus naturally explained, while the typical scale of new heavy states is lifted up to a few TeV.
Finally, all the known scalar particles, with the possible exception of the QCD ‡≠meson, are
understood as (pseudo-)Goldstone bosons, such is the case for pions, discussed in the previous
section or the longitudinal polarisations of W and Z.
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Technicolor
The idea of technicolor models [45,61,62] being to a large extent the upscaled version of QCD was
proposed long before the experimental discovery of the Higgs boson and exhibited no massive scalar
in the spectrum, reproducing only the Goldstone bosons of the SM and predicting heavy resonances
around TeV scale. As in QCD the Lagrangian of the model is invariant under chiral symmetry
group with NTC, flavours SU(NTC) ◊ SU(NTC), broken down spontaneously to SU(NTC)V by
condensate of (techi-)quark-antiquark pairs. The technipion decay constant FTC = 246 GeV , as
dictated by the expression for the SM gauge bosons masses Eq. (1.87) , is analogous to the pion
decay constant of QCD FQCD = 93 MeV. Scaling up the mass of the first resonance in QCD and
assuming for simplicity that the number of colors is not so di erent from the three colors of QCD
we can estimate the mass of techi-ﬂ meson as
ﬂTC ≥ FTC
FQCD
mﬂ ≥ 2 TeV. (1.88)
The original technicolor models encountered serious phenomenological problems and were eventu-
ally ruled out. Even before the Higgs discovery severe constrains were posed on the parameters of
the models.
• Flavour changing neutral currents (FNCN). In the absence of the Higgs mechanism
providing mass to the SM quarks, to generate mass term for the light quarks both QCD
and TC are embedded in a larger Extended Technicolor (ETC) group [63, 64], broken down
spontaneously at high scale  ETC
SU(NETC)æ SU(3)c ◊ SU(NTC) (1.89)
This in turn produces a set of heavy gauge bosons with the mass of order  ETC. The exchange
of the heavy bosons generate four-fermion operators, suppressed by the gauge boson mass.
As techiquarks condensate, the mixed light-heavy operators lead to an e ective mass term
for the SM quarks
mq ƒ g
2
ETC
 2ETC
(q¯q)ÈÂ¯TCÂTCÍ ƒ  TC
A
 TC
 ETC
B2
. (1.90)
For  TC = v = 245 GeV the strange quark mass sets  ETC ≥ 10 TeV. Moreover, to reproduce
the hierarchy of the quark masses the SU(NETC) breaking scale has to be di erent for each
quark flavour. The group has to undergo series of hierarchical breakings, at di erent scales
for each quark, inversely proportional to their masses.
On the other hand the SM four-fermion operators are suppressed by the same scale as mixed
ones and in general violate both CP and flavour
g2ETC
 2ETC
(q¯q)(q¯q) (1.91)
The experimental bound  ETC > 105 TeV does not allow to reproduce the observed light
quarks masses and therefore this set-up is ruled out.
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• Electroweak Precision Tests (EWPT) It has been shown that in the Large N approx-
imation that the contribution of the techicolor sector to Peskin–Takeuchi parameter S is
approximately [65–67]
S ≥ NTCNTD
ﬁ
, (1.92)
where NTD is the number of technidoublets. Even for the small number of colors and flavours
the contribution is S ≥ 1, which is ruled out by EWPT performed at LEP.
The Composite Higgs as Nambu-Goldstone boson
Technicolor has been a motivation for a more elaborated idea of composite Higgs [3–8], being an
interpolation between the strongly interacting non-linear picture and the weakly interacting SM
Higgs. Complete reviews of the topic can be found in [68, 69]. As in technicolor or QCD, in the
composite Higgs framework one assumes a strongly interacting sector obeying a global symmetry
G at high energies of order   ≥ 1 TeV, with a zoo of composite resonances forming complete
representations of the group. At low energies it is broken spontaneously to a smaller group H.
The scale of the breaking f is analogous to the pion decay constant F at which the chiral symmetry
of the low energy QCD is broken. The Goldstone bosons resulting from the breaking must include
both the longitudinal degrees of freedom of the SM gauge bosons and the Higgs boson itself,
produced firstly as an exact massless GB. The coset G/H has to be large enough in order to
include all the four degrees of freedom. For example for the most simple choices of special unitary
and orthogonal groups this means
SU(N)/SU(N ≠ 1) ∆ (2N ≠ 1) GB ∆ N Ø 3, (1.93)
SO(N)/SO(N ≠ 1) ∆ (N ≠ 1) GB ∆ N Ø 5. (1.94)
The original Georgi-Kaplan model [5] relies on the SU(5)/SO(5) coset. Later the minimal com-
posite Higgs (MCHM) model was proposed [9,10], based on the SO(5)/SO(4) symmetry breaking
and containing exactly 4 GBs. In [70] the e ective operators produced from the cosets of the the-
ories above, as well as the minimal intrinsically custodial violating coset SU(3)/(SU(2) ◊ U(1)),
have been derived. In [11] the next-to-minimal coset SO(6)/SO(5) with one more additional GB
was considered. It has been studied as possible dark matter candidate in [13,14].
The typical way to include the SM gauge group and its subsequent breaking can be described as
a three step process
1. At scale   the theory is invariant under the global group G, broken down spontaneously to
group H at the scale f . This breaking produces n = dim(G)≠ dim(H) Goldstone bosons.
2. The Standard Model gauge group GSM is embedded into the unbroken group H. The Higgs
boson is one of the Goldstone bosons originating from the G/H breaking, transforming under
the GSM . Since the Higgs is an exact Golstone boson at tree level there are no potential
terms and therefore GSM remains unbroken.
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Figure 1.3: Scales and symmetry
breaking patterns of a typical com-
posite Higgs model.
Figure 1.4: The group structure of a composite Higgs
model.
3. EWSB is achieved due to a small explicit breaking of G in the fermion and gauge sectors.
At the loop level this breaking propagates to the scalar sector and generates GSM -invariant
Coleman-Weinberg [71] e ective potential for the Higgs, which in turn leads to the Higgs
VEV, breaking spontaneously GSM and setting the electroweak scale v < f , which in general
di ers from the Higgs VEV. Thus the Higgs boson acquires a mass term, making it a pNGB.
The misalignment between the GSM preserving and GSM breaking vacua is parametrised by a
dimensionless parameter
› = v
2
f 2
. (1.95)
In the limit f æ Œ or equivalently › æ 0 all the e ects coming from the non-linear strongly
interacting sector decouple and the SM is recovered. Thus, › parametrises the degree of non-
linearity of the Higgs dynamics. The pictorial representation of the scales of the typical Composite
Higgs model can be seen in Fig. 1.3.
The parameter › can also be seen as a measure of separation of the pseudo Goldstone Higgs mass
of order v and the masses of heavy resonances with the masses gúf , with the gú being a (possibly
strong) coupling of the new sector 1 < gú < 4ﬁ. The inclusion of those heavy states modifies the
couplings of the Higgs boson to the SM particles which can be written as power series in ›.
The explicit breaking of G, required to misalign the vacuum state, is partially provided by the gauge
group GSM being a subgroup of G, but typically this source is not enough. One way to achieve
the necessary breaking is to introduce linear couplings of the SM fermion fields to a set of heavy
fermionic resonances with appropriate quantum numbers. Since the SM fermions are considered
to be elementary and not transforming under the global group of strongly interacting sector those
couplings break G explicitly and allow for fermion mass generation. This mechanism is known as
partial compositeness [29] and is to be discussed in more details in the following subsection.
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The GB degrees of freedom can be represented by a matrix
 (x) = ei (x)/f , (1.96)
where   =  aˆ(x)Aaˆ, the vector  aˆ(x) is the set of Goldstone bosons of G/H breaking and Aaˆ as
before denotes the generators of broken symmetries, aˆ = 1 . . . dim(G/H), V a are the generators of
the unbroken symmetry group H, a = 1 . . . dim(H).
The matrix   is a group transformation corresponding to the G/H coset. The action of an arbitrary
group element g œ G on   parametrises another group element gÕ œ G, as it follows from the closure
property of the group product operation. Since every group element of G can be decomposed as
a product of a broken and unbroken symmetry transformation, which we denote as  Õ and h
correspondingly, the following decomposition is valid
g (x) = gÕ =  Õ(x)h(g, ) (1.97)
Therefore the matrix   has the following transformation properties [72, 73]
 (x)æ  Õ(x) = g h≠1(g, ). (1.98)
If the global group G allows for an automorphism g æ g = R(g), with
R : Aaˆ æ ≠Aaˆ, (1.99)
the GB matrix transformation law can be recast as
 (x)æ  Õ(x) = h(g, ) g≠1. (1.100)
It is immediate to see that the squared GB matrix obeys a simple transformation law
U(x) =  (x)2 = e2i (x)/f , UÕ = gUg≠1. (1.101)
This form has been used previously for the low energy QCD and will be used in the following
discussion of the Electroweak Chiral Lagrangian in section 1.3.2.
Fermions and partial compositeness
The strongly coupled sector of the composite Higgs models typically includes a set of composite
heavy fermionic resonances  , forming complete representations under the global group of symme-
try G. The elementary fermions of the SM, to which we will refer as light ones, instead transform
only under the gauge group GSM. In the simplest case of vectorlike heavy fermions, the mass term
M ¯L  can be introduced straightforwardly and is invariant under G. To provide mass for the
SM quarks and leptons the couplings between the elementary and composite fermions have to be
considered. In technicolor this has been achieved through the e ective nonrenormalizable bilinear
couplings (1.90), which led to severe phenomenological problems. The alternative idea proposed
in Ref. [29] employs linear couplings of the light fermions q and operators originating from the
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strongly coupled sector, such as   itself. The couplings violate explicitly the global group G and
can be formally written as
L ∏  L (q¯L  q≠ )  +    ¯L (  ≠q q) + h.c., (1.102)
where  q≠  (  ≠q) are the spurion fields connecting GSM and G representations (and vice versa),
while  L/R are dimensionful couplings. The latter ones can be made much smaller than the scale
of composite resonances by the RG evolution, thus reproducing the hierarchy for the SM quark
masses.
The heavy fermions representations under G are not defined uniquely and introduce a strong model
dependence in the phenomenological results. Multiple possible embeddings of the heavy fermions
for the MCHM and their impact on phenomenology have been analysed in [16].
Provided that proto-Yukava coupling between the heavy fermions and composite Higgs state is
allowed and parametrised by Y , the explicitly G-breaking couplings  L/R propagate to the scalar
sector at loop level and generate the CW potential for the Higgs, which eventually triggers EWSB.
The mixing between heavy and light fermions together with EWSB characterized by the scale v,
result in the see-saw like expression for the light SM fermions, with the Yukawa coupling being a
function of the parameters of the strongly interacting sector
mq ≥ y v, y = Y  L
M
 
M
. (1.103)
The ratios  L/R/M characterize the degree of mixing between the fermions. Only the heaviest top
quark has a significant admixture of the composite state, while the other light quarks are mostly
elementary.
Other models of Goldstone Boson
Above we have briefly outlined the idea of the strong dynamics at high energies leading to the
composite Higgs as a composite pseudo Goldstone boson.
The complementary concept of the pNGB Higgs is a Little Higgs model, originally proposed in [74]
and further studied in [75], see [76] for a review. The Little Higgs construction does not necessarily
rely on strong dynamics at high energies and instead assumes perturbative regime at scales around
TeV. The additional 5th space dimension is deconstructed and represented by a discrete number
of sites. The 4D symmetry is extended into the five dimensions, which in the deconstructed space
results in a direct product of multiple copies of the gauge groups living in the di erent sites. The
Higgs boson seen as a fifth component of the 5D gauge field becoming a GB of the collective
breaking of the global symmetries. Due to the collective nature of the breaking the quadratic
divergences are suppressed by the product of the breaking parameters, such that fine-tuning is
reasonable.
The descriptions above implement the e ective description of the Golstone boson degrees of free-
dom and therefore are written typically in terms of e ective and therefore non-renormalizable
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Lagrangian [72, 73]. While this does not pose a big problem for the calculability of observables,
renormalizable, UV complete underlying theories are considered in the literature.
One possible direction to go is to consider a microscopic UV completion, the dynamics of particles
forming the bound states at energies around TeV scale. Depending on the particular choice of the
rank of the new gauge group and the number of colors, either through lattice simulations or from
purely group theoretical considerations, it is possible to restrict the emerging global symmetry
group and its breaking pattern. This eventually will allow for the determination of preferable
cosets and define the number of emerging Goldstone bosons. Following this program [77, 78]
analysed several possible gauge theories leading to SU(5)/SO(5) and SU(4)/Sp(4) cosets. The
latter breaking pattern has been also analysed in Ref. [79], as the one emerging from the minimal
strongly interacting theory consisting of and SU(2) gauge group with two Dirac fermions in the
fundamental representation.
Another way to construct a renormalizable theory is to promote the Higgs boson to be a part
of a complete G representation, transforming linearly under the global group. The completion
of the multiplet requires the existence of new scalar degrees of freedom. Ref. [12] considered an
elementary realisation of pNGB Higgs for SU(4)/Sp(4) ≥ SO(6)/SO(5) coset. In the simplest case
of SO(5)/SO(4) linear model the spectrum is extended by one electroweak singlet scalar. In the
context of the Goldstone Higgs this set up has been first mentioned first [22] and consequently [17].
More detailed phenomenological study of the additional scalar, perspectives for the direct detection,
impact of the extended fermionic sector on EWPT and the e ective field theory resulting from the
integrating out the new degrees of freedom have been conducted in [31, 32] and will be discussed
in details in Chapters 2,3. Furthermore, UV complete linear realisations of the global symmetry
have been considered in [23–27].
1.3 E ective Field Theory
Though numerous theories have been proposed in the literature, dealing with the hierarchy problem
and more generally with challenges of the current understanding of what the complete theory of
particle physics should be, the parameter space of the possible extensions of the SM model is
somewhat overwhelming. In order to confirm or disprove a theory in hand one can directly calculate
the expressions for the possible observables and compare them with the available measurements
of these observables provided by experiments. This procedure, known as the top-down approach,
is a possible way, but due to the large number of the New Physics theories, if one is interested
in considering various possible models it is not e ective. The more e ective way involves the use
of E ective Field Theories as a tool making possible the study of all the theories at once or - if
some additional assumptions are made - whole classes of BSM extensions. Once the observables
are expressed in terms of the parameters of the EFT, a given UV theory can be matched into the
EFT, resulting in relations among its (otherwise free) parameters and this way it can be either
validated or disproved.
The construction of the EFT within QFT can be performed considering the following steps
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1. Physical scales. Whether one studies the beta decay of neutron or performs EWPTs at
LEP it is always possible to define the characteristic scale of the problem E, being for example
the momentum transfer between the initial and final state.
2. Particle content. The next step requires identification of the relevant degrees of freedom in
terms of quantum fields. Fortunately, to study the interactions at the given scale one does not
need to know the complete theory of everything up to infinite energies [80]. This has always
been the case and it is very hard to imagine any progress in physics otherwise. Therefore the
heavy (much heavier than the typical scale of interactions under study) or simply unknown
degrees of freedom can be neglected and not included explicitly in the Lagrangian.
3. Symmetries. The third step consists of imposing the physical symmetries. Thus, trans-
formation properties under Lorentz group will define scalar, fermion, vectorial and possibly
higher spin fields, while the internal symmetries with the proper charge assignments will
further restrict the possible interaction terms.
4. Counting. Finally, in order to distinguish among more and less important e ects, and
possibly take into account the subleading contributions to the modifications of interactions
, a small parameter has to be defined. The Lagrangian of the EFT can be expressed as a
power series of such parameter. The famous decoupling theorem [80] states that in a local
quantum theory with some light particles with mass m . E interacting with a particle of
mass M ∫ E, the Green functions with only light particles as external legs can be obtained
simply by omitting the heavy particles, up to the corrections of inverse powers of M . The
dimensionless expansion parameter in this case is E/M . In the following we will actively
exploit this fact, assuming that the new physics is represented by heavy states.
Probably the most prominent example of the e ective theory in QFT is the Fermi theory of beta
decay. Consider for example muon decay process µ æ e ‹µ ‹¯e. It has been inferred from the
experimental data that the interaction can be written as derivativeless product of two fermionic
chiral V ≠ A currents
LFermi = GFÔ2 ‹¯µ“
–(1≠ “5)µ e¯“–(1≠ “5)‹e (1.104)
with GF being the dimensionful (d=2) Fermi constant parametrising the strength of the contact
interaction. The calculated cross section grows with energy like ‡ ≥  2FE2, indicating that for the
energies around E ≥ 100 GeV it becomes bigger than one and therefore has to be replaced by a
more fundamental theory smearing the energy dependence of the cross section.
The completion of the Fermi theory being the gauge theory of electroweak interactions is a part
of the SM of particle physics. The interaction of weak currents is mediated by W± gauge boson,
resulting in renormalizable interactions of spacial dimension d = 4 with a dimensionless coupling
constant g. The low energy limit of the the propagator of the gauge boson reads
≠gµ‹ + qµq‹/M2W
q2 ≠M2W
q2πM2W≠≠≠≠≠æ gµ‹
M2W
(1.105)
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The approximate momentum independent expression justifies the use of the Lagrangian (1.104)
and allows to identify the expression of the Fermi constant in terms of the parameters of the SM
GFÔ
2
= g
2
8M2W
(1.106)
Further expansion of the bosonic propagator as powers of q2/M2W determines the corrections to
the Fermi Lagrangian.
Another example of e ective Lagrangian has been described before considering the low energy
QCD Lagrangian – non linear sigma model of pion interactions. Theoretically it can be seen either
as a power series of operators, sorted according to the small parameter E/ QCD, or as a low
energy limit of the UV complete model – linear sigma model. The first point of view on the chiral
Lagrangian of QCD turned out to be correct, while the parameters of the e ective Lagrangian
obtained from the integrating out heavy ‡ fields do not match physically measured values.
Finally, there are good reasons to believe that the SM itself is an e ective theory. Being the most
successful theory of fundamental interactions it yet does not address some key issues, such as
dark matter, neutrino masses, the strong ◊ angle and eventually it does not provide the quantum
description of gravity. One typically assumes that the physics resolving and explaining all these
issues will be accompanied by new heavy states which have not been yet observed, since the e ect
of their interaction is suppressed by some high scale  .
The use of the E ective Theories for BSM models have been summarised in [81] and can be seen
as three step process (see also the original Fig.1.5)
1. Given the UV model at high scales   the parameters or the Wilson coe cients ci( ) of the
EFT can be calculated. This step is called matching of UV completion into the EFT.
2. In general, the UV completion may be well separated in energy scale with the di erence being
of orders of magnitude. In this case the running e ects are relevant and in order to match the
low energy observables the running coe cients with “ij – the anomalous dimensions matrix
have to be computed.
3. Finally, the coe cients of the EFT are run down to the EW scale ci(mW ). The observables
are to be computed at this scale and compared to the predictions of the UV completions.
This is mapping.
This is a general plan to proceed towards the construction of the EFT for the study of BSM e ects.
The particle content will include all the known elementary particles discovered, thus coinciding
with the particle content of the SM.
Furthermore, we will rely on Lorentz symmetry and gauge symmetries of the SM, exploring only
deviations from the SM preserving GSM. Any BSM theory compatible with the symmetries as-
sumed can be projected down into the set EFT operators. GSM can be realised either linearly
or non-linearly leading to two intrinsically di erent e ective theories. The linear realisation as
it is the case for the SM itself and generally for the weakly coupled BSM models such as super-
symmetry corresponds to scenarios in which the Higgs belongs to an elementary SU(2)L doublet
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Figure 1.5: Connection between UV completion and the e ective theory at EW scale [81].
and commonly known as Standard Model E ective Field Theory (SMEFT) or linear EFT. The
non-linear case is preferable for strongly interacting theories or for the theories with Goldstone
boson origin of the Higgs as is shown in Chapter 3. It corresponds to the case where all the
gauge transformation properties are carried out by the would-be-Goldstones of the SM, while the
physical higgs boson is a complete singlet under GSM and therefore might enter through polyno-
mial functions of the physical Higgs field. This scenario is known as Higgs E ective Field Theory
(HEFT) or electroweak chrial Lagrangian (EWChL) resembling the chiral Lagrangian of the low
energy QCD. Both approaches are perfectly viable and we will consider them separately in the
following subsections, where we introduce the building blocks for both, discuss power counting for
each case and demonstrate LO and NLO e ective Lagrangians. For an extensive overview of the
topic see also CERN "Handbook of LHC Higgs Cross Sections 4" [82].
1.3.1 SMEFT: Linear realisation of EW symmetry
Assuming that the BSM physics is weakly coupled and well separated from the SM, it can be
represented by a cuto  scale   being for example the mass of the lightest BSM state. The
Lagrangian of the linear EFT can be written simply as power series on  . Assuming in addition
lepton and baryon number conservation, the lowest order correction is suppressed by two powers
of cuto  scale
Llinear = LSM +
ÿ
i
ci
 2Oi +O
3 1
 4
4
. (1.107)
The set of operators Oi of spacial dimension 6 represent linear independent basis parametrising
corrections to the SM Lagrangian originating from the BSM physics, preserving the symmetries
assumed. Giving up the lepton number symmetry, there is only one d = 5 operator of the form
(lH)2 providing Majorana mass term for the neutrinos and thus violating the lepton number by
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X3 H6 and H4D2 Â2H3
QG fABCGA‹µ G
Bﬂ
‹ G
Cµ
ﬂ QH (H†H)3 QeH (H†H)(l¯peH)
QÂG fABC ÂGA‹µ GBﬂ‹ GCµﬂ QH⇤ (H†H)⇤(H†H) QuH (H†H)(q¯puÊH)
QW ÁabcW a‹µ W
bﬂ
‹ W
cµ
ﬂ QHD
1
H†DµH
2ú 1
H†DµH
2
QdH (H†H)(q¯pdH)
Q ÂW ÁabcÊW a‹µ W bﬂ‹ W cµﬂ
X2H2 Â2XH Â2H2D
QHG H†H GAµ‹G
Aµ‹ QeW (l¯‡µ‹e)·aHW aµ‹ Q
(1)
Hl (H†i
¡
DµH)(l¯“µl)
Q
H ÂG H†H ÂGAµ‹GAµ‹ QeB (l¯‡µ‹e)HBµ‹ Q(3)Hl (H†i¡D Iµ H)(l¯·a“µl)
QHW H†HW aµ‹W
aµ‹ QuG (q¯‡µ‹⁄Au)ÊH GAµ‹ QHe (H†i¡DµH)(e¯“µe)
Q
H ÂW H†H ÊW aµ‹W aµ‹ QuW (q¯‡µ‹u)·aÊHW aµ‹ Q(1)Hq (H†i¡DµH)(q¯“µq)
QHB H†H Bµ‹Bµ‹ QuB (q¯‡µ‹u)ÊH Bµ‹ Q(3)Hq (H†i¡D Iµ H)(q¯·a“µq)
Q
H ÂB H†H ÂBµ‹Bµ‹ QdG (q¯‡µ‹⁄Ad)H GAµ‹ QHu (H†i¡DµH)(u¯“µu)
QHWB H†·aHW aµ‹B
µ‹ QdW (q¯‡µ‹d)·aHW aµ‹ QHd (H†i
¡
DµH)(d¯“µd)
Q
H ÂWB H†·aH ÊW aµ‹Bµ‹ QdB (q¯‡µ‹d)H Bµ‹ QHud i(ÊH†DµH)(u¯“µd)
Table 1.2: Dimension-six operators with up to two fermion fields in Warsaw basis.
two units,  L = 2 [83]. The fact that this operator violates the accidental symmetry of the SM
can be related to a bigger suppression scale  . Therefore operators of d = 6, preserving all the
symmetries of the SM, are expected to give more significant contributions.
The building blocks for the e ective operators are the SM fields and their functions, which are
covariant under GSM : H – Higgs field transforming linearly under GSM, the covariant derivatives
Dµ, the field strengths of the gauge bosons Vµ‹ and its dual V˜µ‹ = Áµ‹ﬂ‡Vﬂ‡ and finally the fermionic
quark and lepton fields.
The exact form of the basis is not uniquely defined since it can be changed by applying the
Equations of Motions (EOM) derived from the d = 4 Lagrangian to the d = 6 operators and by
integration by parts. The choice of the basis in each particular study is motivated by the set of
phenomenological processes one is planning to analyse, nonetheless since they all represent the
basis of operators, di erent choices of it have the same phenomenological consequences [84].
The complete basis of d = 6 operators was obtained for the first time by Buchmuller et al. in
Ref. [85]. Further on, some modifications of this basis have been proposed in [86]. Ref. [87] proposed
a linear basis under assumption of the pNGB Higgs originating from strong dynamics and finally
Grzadkowski et al [88] have removed the redundancies of Buchmuller et al. basis obtaining 59
independent baryon number conserving operators. The latter is also known as Warsaw basis. The
list of the linear bosonic and two fermion operators in the Warsaw basis is given in Table 1.2, while
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(L¯L)(L¯L) (R¯R)(R¯R) (L¯L)(R¯R) (L¯R)(R¯L) and (L¯R)(L¯R)
Qll (l¯“µl)(l¯“µl) Qee (e¯“µe)(e¯“µe) Qle (l¯“µl)(e¯“µe) Qledq (l¯e)(d¯q)
Q(1)qq (q¯“µq)(q¯“µq) Quu (u¯“µu)(u¯“µu) Qlu (l¯“µl)(u¯“µu) Q
(1)
quqd (q¯u)Ájk(q¯d)
Q(3)qq (q¯“µ·aq)(q¯“µ·aq) Qdd (d¯“µd)(d¯“µd) Qld (l¯“µl)(d¯“µd) Q
(8)
quqd (q¯⁄Au)Ájk(q¯⁄Ad)
Q(1)lq (l¯“µl)(q¯“µq) Qeu (e¯“µe)(u¯“µu) Qqe (q¯“µq)(e¯“µe) Q
(1)
lequ (l¯e)Ájk(q¯u)
Q(3)lq (l¯“µ·al)(q¯“µ·aq) Qed (e¯“µe)(d¯“µd) Q(1)qu (q¯“µq)(u¯“µu) Q
(3)
lequ (l¯‡µ‹e)Ájk(q¯‡µ‹u)
Q(1)ud (u¯“µu)(d¯“µd) Q(8)qu (q¯“µ⁄Aq)(u¯“µ⁄Au)
Q(8)ud (u¯“µ⁄Au)(d¯“µ⁄Ad) Q
(1)
qd (q¯“µq)(d¯“µd)
Q(8)qd (q¯“µ⁄Aq)(d¯“µ⁄Ad)
Table 1.3: Barion number preserving four-fermion operators in Warsaw basis.
the ones with four fermions can are shown in Table 1.3 with the chiral indexes L/R and family
indexes of fermions omitted.
1.3.2 HEFT: Nonlinear realisation of EW symmetry
In section 1.1 we have established the non-linear formulation for the scalar sector of the SM.
The di erence with respect to the linear one is that all the transformation properties of scalars
under GSM are carried by the function of only three scalar fields U(x) = ei·„/v – the matrix of
would-be-Goldstone bosons, while the physical Higgs scalar h remains singlet. This situation is
completely analogous to the case of non-linear sigma model in QCD, where the matrix U describes
the dynamics of the physical particles – pion triplet. The e ective Lagrangian can be written in
terms of U as expansion in derivatives, corresponding to the expansion in energy. The same can
be done to describe the electroweak e ective theory.
Higgsless case
Historically, the EWChL was firstly derived for the case of the SM with a heavy Higgs, before its
discovery as a rather light state with mass of order EW scale v. Indeed, in the heavy Higgs limit,
the physical scalar excitation decouples from the spectrum, producing a tower of e ective operators
as functions of U, gauge field strengths and fermions. The bosonic basis for this set-up has been
derived in [89–92] and is known as Appelquist-Longhitano-Feruglio basis . The Lagrangian is
written in terms of the SU(2)L covariant objects
Vµ = DµUU†, T = U· 3U†. (1.108)
To form gauge invariant quantities the traces of the product of matrices have to be taken.
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The leading order higgsless Lagrangian reads
LLO = ≠14Fµ‹F
µ‹ ≠ 14W
A
µ‹W
µ‹
A ≠
1
4G
a
µ‹G
µ‹
a ≠
v2
4 ÈVµV
µÍ+ (1.109)
+
ÿ
Â=q,u,d
Â¯iDµÂ ≠ vÔ2
1
q¯LUYq qjR + l¯iLUYl ljR + h.c.
2
, (1.110)
which is simply the SM Lagrangian with the Higgs boson integrated out at leading order. It
contains up to two space time derivatives. As before the kinetic term of ÈVµVµÍ in unitary gauge
provides mass for the gauge bosons.
The NLO Lagrangian parametrising the deviations from the higgsless SM has been derived as-
suming two parameters of EFT expansion, the first being the derivative as in QCD case, and the
second is the custodial breaking object T. The latter one is motivated by the known phenomeno-
logically small e ects of custodial symmetry breaking. The ALF basis contains up to four powers
of momenta and T and can be written as
LNLO = cTPT +
ÿ
ciPi. (1.111)
where Pi are the bosonic operators to be defined later for the case of NLO e ective Lagrangian
with the light Higgs. The custodial breaking PT operator reads
PT = v
2
4 ÈTVµÍ
2. (1.112)
It contains two powers of T but its coe cient is known to be parametrically small cT < 1.9◊ 10≠3
[87] so it is included at NLO. It also provides a necessary counterterm to absorb divergences arising
from the loops of U(1)Y gauge bosons obtained from the LO Lagrangian.
Non-linear EFT with the light Higgs
With the discovery of the Higgs boson the basis has to be extended to include a new light singlet
degree of freedom h. While in the linear case the light physical state is embedded into the doublet
H, thus restricting its possible couplings, in the non-linear case h is a singlet and therefore it can
be included through arbitrary polynomials, with the coe cients being free parameters which we
define as
ciFi(h) = ci + 2aih
v
+ bi
h2
v2
+ . . . (1.113)
Note that in these parametrisations the natural dependence on h/f expected from the underlying
pNGB Higgs models has been traded by h/v: the relative v/f < 1 normalization is thus implicitly
reabsorbed in the definition of the constant coe cients, which are expected to be small parameters,
justifying the expansion.
The leading order Lagrangian with up to two derivatives reads
L(h)LO = ≠
1
4Fµ‹F
µ‹ ≠ 14W
A
µ‹W
µ‹
A ≠
1
4G
a
µ‹G
µ‹
a +
1
2ˆµhˆ
µhFH(h)≠ v
2
4 ÈVµV
µÍFC(h)≠ V (h),
+
ÿ
Â=q,u,d
Â¯iDµÂ ≠ vÔ2
A
q¯LU
A
yuFuY (h) 0
0 ydFdY (h)
B
qjR + l¯iLUYlF lY ljR + h.c.
B
,
(1.114)
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P1 = ggÕBµ‹ÈTWµ‹Í
P2 = igÕBµ‹ÈT[Vµ,V‹ ]Í
P3 = igÈWµ‹ [Vµ,V‹ ]Í
P4 = igÕBµ‹ÈTVµÍˆ‹(h/v)
P5 = igÈWµ‹VµÍˆ‹(h/v)
P6 = ÈVµVµÍ2
P7 = ÈVµVµÍˆ‹ˆ‹(h/v)
P8 = ÈVµV‹Íˆµ(h/v)ˆ‹(h/v)
P9 = È(DµVµ)2Í
P10 = ÈV‹DµVµÍˆ‹(h/v)
P11 = ÈVµV‹Í2
P12 = g2ÈTWµ‹Í2
P13 = igÈTWµ‹ÍÈT[Vµ,V‹ ]Í
P14 = g‘µ‹ﬂ⁄ÈTVµ)ÈV‹Wﬂ⁄)
P15 = ÈTDµVµÍÈTD‹V‹Í
P16 = È[T,V‹ ]DµVµÍÈTV‹Í
P17 = igÈTWµ‹ÍÈTVµÍˆ‹(h/v)
P18 = ÈT[Vµ,V‹ ]ÍÈTVµÍˆ‹(h/v)
P19 = ÈTDµVµÍÈTV‹Íˆ‹(h/v)
P20 = ÈVµVµÍˆ‹(h/v)ˆ‹(h/v)
P21 = ÈTVµÍ2ˆ‹(h/v)ˆ‹(h/v)
P22 = ÈTVµÍÈTV‹Íˆµ(h/v)ˆ‹(h/v)
P23 = ÈVµVµÍÈTV‹Í2
P24 = ÈVµV‹ÍÈTVµ)ÈTV‹Í
P25 = ÈTVµÍ2ˆ‹ˆ‹(h/v)
P26 = (ÈTVµÍÈTV‹Í)2
P⇤H = 1v2⇤h⇤hF⇤H(h) P H = 1v3ˆµhˆµh⇤hF H(h) PDH = 1v3 (ˆµhˆµh)2FDH(h)
Table 1.4: Full bosonic NLO basis of non-linear CP-even operators of [93] with the pure
higgs operators added.
The di erence with respect to the higgsless Lagrangian is the kinetic term for the Higgs, extended
by FH(h), the Higgs potential and the polynomial functions Fi(h), appended to the kinetic term
of would-be-Goldstones and fermionic Yukawa couplings. This Lagrangian reproduces the SM
Lagrangian for the following choice of functions F(h)
FC =
A
1 + h
v
B2
, Fu,d,lY = 1 +
h
v
, FH(h) = 1. (1.115)
Present data set strong constraints on departures from SM expectations for the aC and bC , while
aH and bH still can be large.
Note that the Lagrangian is written for the physical particle after EWSB, therefore it is assumed
that V (h) must provide no VEV to the scalar: ÈhÍ = 0.
The full bosonic basis with the light Higgs at NLO reads
L(h)NLO = cTPTFT (h) +
ÿ
ciPiFi(h). (1.116)
Some of the relevant operators have been mentioned in [94–96], while the full basis of bosonic CP-
even operators has been derived in [93]. Later, Ref. [97] considered the full basis including fermionic
operators, pure higgs operators and trading some of the bosonic operators for the fermionic ones
using equations of motion. In Ref. [98] the full bosonic basis of CP-odd operators has been derived.
In Ref. [99] B-number violating operators have been added.
The basis is presented in the Table 1.4 with the notations consistent with Ref. [32,70]. It contains
1. The operators equivalent to ones in ALF basis, namely P1≠3,P6,P11≠14P23≠24 and P26.
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2. New operators with the derivative acting on the Higgs field, those are P4≠5,P7≠8,P10,P17≠22
and P25
3. Operators P9≠10 and P15 have no derivatives on h, but are rewritten in di erent form in
comparison to the usual ALF basis.
4. Pure Higgs operators P⇤H ,P H and PDH .
Counting and renormalization
There is a striking di erence between the loop structures of the linear and non-linear Lagrangians.
Indeed, the LO SMEFT is the SM, it is a renormalizable theory , which in principle can be used to
calculate the observables at any precision, involving as many loop orders as needed. The diagrams
with arbitrary number of loops and vertexes belonging to LLinLO will generate divergent contributions
only to LLinLO and therefore LLinNLO is not required for the theoretical consistency. Loops with one
insertion of NLO vertexes will generate only divergences that are to be absorbed by the parameters
of LLinNLO. The insertion of two vertexes from LLinNLO or one from LLinNNLO will renormalize LLinNNLO
terms and so on. Note that this rule does not depend on the number of loops contained in a
diagram.
The situation is not the same for non-linear Lagrangian. Indeed, unless one restricts the parameters
of Fi(h) to the SM case, even the LO HEFT Lagrangian is not renormalizable and the counterterms
needed to render the theory finite do not have the structure of LNLLO . At one loop they will
generate divergences proportional to the structures of to LNLNLO as it is demonstrated for example
in original papers [90, 91] and in Chapter 4. Beyond one loop NNLO Lagrangian is required for
renormalization. The non-linear expansion thus is an example of non-decoupling EFT, a theory
where higher order terms of EFT expansion have to be included to perform renormalization.
Strictly speaking the number of counterterms for arbitrary number of loops is infinite. For one
loop though the counterterms needed are the ones presented in Table 1.4.
A more rigorous way to define the order at which a given operator should appear and estimate
its coe cient suppression relies on the use of power counting formula. Naive dimensional analysis
formula [58], modified in order to include the weight of the gauge couplings by [100, 101], and
applied for the HEFT case [102] reads
 4
16ﬁ2
C
ˆ
 
DNp C4ﬁ „
 
DN„ 54ﬁA
 
6NA C4ﬁ Â
 3/2
DNÂ 5 g
4ﬁ
6Ng 5 y
4ﬁ
6Ny C ⁄
16ﬁ2
DN⁄
. (1.117)
This formula reproduces the correct order 1 coe cient for the leading order terms, including the
canonically normalized gauge kinetic terms, as well as reveals the suppression of beyond LO terms.
38
Figure 1.6: A representation of the correspondence between SMEFT and HEFT operators.
The first order deviations from the SM are highlighted in color [103].
1.3.3 SMEFT vs. HEFT
The correspondence between the two approaches for BSM EFT can be summarised as follows
[24,70,82,103–108]
• Higgs couplings. Since in HEFT the Higgs is a singlet under GSM its couplings are
completely free parameters, while in the SMEFT they are restricted by gauge symmetry,
due to the fact that the Higgs belongs to a doublet, and therefore might be correlated to the
pure gauge couplings.
• Power counting. SMEFT is organised as an expansion in terms of canonical mass dimen-
sion with higher order (d>4) operators suppressed by corresponding powers of the cuto 
scale  . In HEFT, with the matrix of Goldstones U being dimensionless, the counting is ac-
cording to number of derivatives, similar to the counting of QCD. Moreover Higgs insertions
are are considered all at once as arbitrary functions F(h), with all the powers of Higgs field
h belonging to the same order of expansion.
• Triple and quartic gauge couplings. Furthermore, triple and quartic gauge and Higgs-
gauge couplings are correlated in the SMEFT, while in HEFT they remain decorrelated. The
observation of such decorrelated couplings would point to the validity of HEFT.
• Couplings strength. Some couplings that are expected to be strongly suppressed in the
SMEFT, are instead predicted with higher strength in the HEFT and are potentially visible
in the present LHC run.
The correspondence between SMEFT and HEFT can be identified simply by setting
H = v + hÔ
2
U
A
0
1
B
. (1.118)
Each SMEFT operator then corresponds to a combination of sibling operators of HEFT.
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The two EFTs do not match each other at a given order. Instead, in general the correspondence
connects operators of di erent orders in both expansions. This situation is depicted in Fig. 1.6.
Moreover, the HEFT expansion contains more free parameters at any given order.
In the Chapter 3 we derive the e ective non-linear Lagrangian of the linear Goldstone Higgs model
developed before that in Chapter 2. The resulting Lagrangian will contain only a subset of the
parameters of the general HEFT.
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2The minimal linear sigma model for the
Goldstone Higgs
In this chapter we construct a UV complete model of the Goldstone Higgs and study its possible
experimental validation at LHC as well as possible low energy e ects. Out of many possible options
for the symmetry breaking pattern, we will focus on the minimal case of SO(5)/SO(4) coset. Most
of the literature based on this coset assumes from the start a strong dynamics and uses an e ective
non-linear formulation of the model(s) [10,15–21]. This approach has the advantage of being quite
general, o ering a parametrisation of all possible ultraviolet completions for the symmetry group
chosen. At the same time one of its limitations is that it is applicable only in a finite domain of
energies. Instead, we consider a renormalizable model which in its scalar part is a linear sigma
model including a new heavy scalar particle ‡, singlet under the gauge group. Our model can
be considered either as an ultimate model made out of elementary fields, or as a renormalizable
version of a deeper dynamics, much as the linear ‡ model is to QCD. One former attempt in this
direction [22] did not fully take into account and computed the impact of the fermionic sector on
the main phenomenological observables. Later, linearly completed models have been considered
in Refs. [23–26,31,32] and extended the previous analyses.
While the choice of the minimal bosonic sector is clear, there is a number of possible choices
for the fermionic sector. The option explored in this section assumes heavy fermions in vectorial
representations of SO(5), in contrast to models where the SM left doublets are embedded in SO(5)
multiplets [22]. Direct couplings between SM fermions and the heavy fermions will be the source
of the soft SO(5) breaking, while the Higgs particle has tree-level couplings only with the exotic
fermionic sector, via SO(5)-invariant Yukawa couplings. It will be discussed how the induced
Coleman-Weinberg potential requires soft breaking terms to be included in the scalar potential.
The usual SM Higgs sector is now substituted by a Higgs-‡ sector, correcting the strength of the
SM Higgs-gauge boson couplings and opening new interaction channels. The phenomenology of
the ‡ production and decay will be also studied, including fermionic and bosonic tree-level and
one loop decays (e.g. gluon-gluon and photon-photon). Analysis of present Higgs data will be
used to set a constraint on the fine-tuning ratio v/f . The contribution of the Higgs, ‡ and the
exotic fermions to the oblique S and T parameters will be computed. Particular emphasis will be
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dedicated to the impact of the ‡ particle on present and future LHC data, produced either via
gluon fusion or vector-boson fusion and decaying into a plethora of channels including diphoton
final state.
Furthermore, we identify some of the leading low-energy bosonic operators stemming from the
new physics when the exotic heavy fermion sector is integrated out. We determine the dominant
e ective operators made out of the ‡ field and SM fields, as a first step towards the identification
of a “benchmark” electroweak e ective Lagrangian, considered in Chapter 3.
2.1 The SO(5)/SO(4) scalar sector
The complete Lagrangian can be written as the sum of three terms describing respectively the
pure gauge, scalar and fermionic sectors,
L = Lg + Ls + Lf , (2.1)
where Lgauge reduces to the SM gauge kinetic terms. This section discusses in detail the scalar
sector and its interactions, while the study of the fermionic sector is deferred to the next section.
In order to define the linear ‡ model corresponding to an SO(5) symmetry spontaneously broken
to SO(4), let us consider a real scalar field „ in the fundamental representation of SO(5). Three
among its five components will be ultimately associated with the longitudinal components of the
SM gauge bosons „i, i = 1, 2, 3, while the other two will correspond to the Higgs particle h and
to an additional scalar ‡, respectively. For simplicity the results will be often presented in the
unitary gauge (u.g.), in which „i = 0:
„ = („1,„2,„3, h,‡)T
u.g.æ (0, 0, 0, h,‡)T . (2.2)
The scalar Lagrangian describing the scalar-gauge and the scalar-scalar interactions reads
Ls = 12(Dµ„)
T (Dµ„)≠ V („) , (2.3)
where the SU(2)L ◊ U(1)Y covariant derivative is given by
Dµ„ =
1
ˆµ + ig iLW iµ + igÕ 3RBµ
2
„ (2.4)
and  iL and  iR as before are the generators of the SU(2)L and SU(2)R subgroups of the custodial
SO(4) group contained in SO(5). The embedding of the gauge group SU(2)L ◊ U(1)Y inside
SO(5), implicitly assumed in Eqs. (2.2-2.4), is purely conventional. As we will see in section 2.1,
both h and ‡ acquire a vacuum expectation value (vev), leaving unbroken an SO(4)Õ subgroup
which is rotated with respect to the group SO(4) ¥ SU(2)L◊SU(2)R containing SU(2)L◊U(1)Y .
For later convenience it is pertinent to introduce the complex notation for the scalar field „ in the
fundamental representation of SO(5)
„ˆ =
1
HT ,ÊHT ,‡2T . (2.5)
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The relation between the real and the complex notation is given by
„ = 1Ô
2
1
≠i(Hu + H˜d) , Hu ≠ H˜d , i(Hd ≠ H˜u) , Hd + H˜u , Ô2‡
2T
. (2.6)
2.1.1 The scalar potential
The most general SO(4) preserving while SO(5) breaking renormalizable potential depends a priori
on ten parameters. Two of them can be reabsorbed via a redefinition of parameters 1, resulting on
a Lagrangian dependent on one SO(5) preserving coupling, ⁄, one scale f heralding spontaneous
SO(5)/SO(4) breaking, and six SO(5) soft-breaking terms (denoted below –, —, a1,2,3,4). The
Lagrangian in the unitary gauge reads:
V (h,‡) = ⁄
1
‡2 + h2 ≠ f 2
22
+ –f 3 ‡ ≠ f 2— h2 + a1 f ‡h2 + a2 ‡2h2 + a3 f ‡3 + a4 h4 . (2.7)
In order to retrieve the formulae in a general gauge it su ces to replace h2 by the SO(4) invariant
combination h2 + „2.
The only strictly necessary soft breaking terms are – and — as they need to be present to absorb
divergences generated by one-loop Coleman-Weinberg contributions to the Lagrangian, as shown in
Appendix A; only those terms will be considered in what follows 2, a procedure already previously
adopted in Ref. [22]. The potential then reads
V (h,‡) = ⁄
1
h2 + ‡2 ≠ f 2
22
+ –f 3 ‡ ≠ —f 2 h2 , (2.8)
resulting on a system depending on four parameters. The scalar quartic coupling ⁄ can be conven-
tionally traded by the ‡ mass, given by m2‡ ƒ 8⁄f 2 for negligible – and —; the non-linear model
would be recovered in the limit m‡ ∫ f , that is ⁄∫ 1.
A consistent electroweak (EW) symmetry breaking requires both scalars h,‡ to acquire a non-
vanishing vev, respectively dubbed as v and v‡ below, as for v ”= 0 the SO(4) global group and
the EW group are spontaneously broken. Note that the vev of h is identified with the electroweak
scale since it can be related to the Fermi constant precisely as in the SM, see Sect. 2.1.2 below.
For –, — ”= 0 and assuming v ”= 0, it results
v2‡ = f 2
–2
4—2 , v
2 = f 2
A
1≠ –
2
4—2 +
—
2⁄
B
, (2.9)
satisfying the condition
v2 + v2‡ = f 2 (1 + —/2⁄) , (2.10)
1Here we choose to get rid of the ‡2 and ‡4 terms.
2Full renormalizability of the theory requires, in general, the presence of all gauge invariant operators of dimension
equal to or smaller than four. At two or more loops, the renormalization procedure may thus require to include
further symmetry breaking terms beyond those considered; we will assume that their finite contributions will be
weighted by comparatively negligible coe cients and can be safely omitted in our analysys.
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which indicates that the SO(5) vev is “renormalized” by the — term in the potential. From
Eqs. (2.9) and (2.10) it follows that both f 2 > 0 and f 2 < 0 are in principle allowed 3, in appropriate
regions of the parameters (–, —, ⁄). However, in the SO(5)-invariant limit, for negative f 2 the
minimum of the potential is at the origin and in consequence the symmetry is unbroken and there
are no Goldstone bosons. The focus of this section is instead set on the interpretation of the Higgs
particle as a PNGB, which requires f 2 > 0 as well as |v| < |v‡|, the latter condition defining the
region in parameter space continuously connected with the limiting case v = 0 in which the Higgs
particle becomes a true Goldstone boson. For f 2 > 0, the positivity of v2 in Eq. (2.9) and the
|v| < |v‡| constraint lead respectively to the conditions 4
–2 < 4—2
A
1 + —2⁄
B
, (2.11)
2—2
A
1 + —2⁄
B
< –2 , (2.12)
which for |—| π ⁄ would indicate 2—2 . –2 . 4—2. Moreover, in order to get v2 π f 2, Eq. (2.9)
requires a fine-tuning such that –/2— is very close to unity.
Expanding the ‡ and h fields around their minima, h © hˆ+ v and ‡ © ‡ˆ + v‡, and diagonalizing
the scalar mass matrix, the mass eigenstates are given by
hphys = hˆ cos “ ≠ ‡ˆ sin “ , ‡phys = ‡ˆ cos “ + hˆ sin “ . (2.13)
For simplicity, from now on the notation hphys and ‡phys will be traded by h and ‡, respectively.
The mixing angle in Eq. (2.13) is given by
tan 2“ = 4vv‡3v2‡ ≠ v2 ≠ f 2
(2.14)
and should remain in the interval “ œ [≠ﬁ/4, ﬁ/4] in order not to interchange the roles of the
heavy and light mass eigenstates. The mass eigenvalues are given by
m2heavy, light = 4⁄f 2
Y][
A
1 + 34
—
⁄
B
±
C
1 + —2⁄
A
1 + –
2
2—2 +
—
8⁄
BD1/2Z^
\ , (2.15)
where the plus sign refers to the heavier eigenstate. For f 2 > 0, the squared masses are positive if
the following two conditions are satisfied 5
3— + 4⁄ > 0 , 2—2 + 4—⁄≠ –2⁄/— > 0 , (2.16)
with the second constraint coinciding with that in Eq. (2.11) multiplying it by 1/(4—⁄); it follows
that — > 0. If the soft mass term proportional to — in the scalar potential Eq. (2.8) would be
overall positive (as for instance for f 2<0 and — > 0), the minimum would always correspond to
3For f2 < 0, – would have to be purely imaginary because of hermiticity.
4For f2 < 0, the inequality Eq. (2.11) is reverted.
5For f2 < 0, both inequalities in Eq. (2.16) are reverted and as a consequence — < 0.
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an undesired symmetric EW vacuum v = 0. Assuming the SO(5) explicit breaking to be small,
|—|/4⁄π 1 which may only happen for positive f 2, the masses of the heavy and light eigenstates
read
m2heavy = 8⁄f
2 + 2—(3f 2 ≠ v2) +O
A
—
4⁄
B
,
m2light = 2—v
2 +O
A
—
4⁄
B
.
(2.17)
The physical scalars thus correspond to a “light” state with mass O(
Ô
—v) and a “heavy” state with
mass O(
Ô
⁄f). It will be later shown that, for a PNGB Higgs particle (that is v < v‡ and f 2 > 0),
the less fine-tuned regions in parameter space correspond to the case mlight = mh and mheavy = m‡
in the equations above. In fact, would the ‡ particle be lighter than the Higgs, the roles of the
lighter and heavier eigenstates would be flipped and the mixing angle “ will be necessarily outside
the region quoted above. The lighter ‡ scenario is quite di erent from the typical Higgs PNGB
scenarios considered in the literature.
Notice that for mh < m‡ and at variance with the SM case, in the regime of small soft SO(5)
breaking the mass of the Higgs and its quartic self-coupling are controlled by two di erent param-
eters, — and ⁄, respectively. This is consistent with the PNGB nature of the Higgs boson whose
mass should now appear protected from growing in the strong interacting regime of the theory
–corresponding to large ⁄– in which instead the ‡ mass would increase. In other words, we have
replaced the hierarchy problem for the Higgs particle mass by a sensitivity of the ‡ particle to
heavier scales: the ‡ mass represents generically the heavy UV completion. The expression for mh
shows that the value of the — parameter for small —/4⁄ is expected to be — ≥ m2h/2v2 ≥ 0.13.
2.1.2 Scalar-gauge boson couplings
In the unitary gauge, the kinetic scalar Lagrangian written in terms or the unrotated fields reads
Ls,kin = 12(ˆµ‡ˆ)
2 + 12(ˆµhˆ)
2 + g
2
4
1
hˆ+ v
22
W+µ W
µ≠ + (g
2 + gÕ2)
8
1
hˆ+ v
22
ZµZ
µ ,
and justifies the previous identification of the Higgs vev v with the electroweak scale defined from
the W mass.
The rotation to the physical h,‡ fields results in the following Lagrangian for the scalar and
scalar-gauge interactions, for mh < m‡,
Ls = 12(ˆµ‡)
2 + 12(ˆµh)
2 ≠ 12m
2
‡‡
2 ≠ 12m
2
hh
2 ≠ ⁄
1
h2 + 2h‡ + ‡2
22 ≠
≠ 4⁄(v cos “ ≠ v‡ sin “)
1
h3 + h‡2
2
≠ 4⁄(v sin “ + v‡ cos “)
1
‡3 + h2 ‡
2
+
+ (1 + h
v
cos “ + ‡
v
sin “)2
3
M2WW
+
µ W
µ≠ + 12M
2
ZZµZ
µ
4
. (2.18)
The physical Higgs couplings are thus seen to be weighted down by a cos “ factor with respect to
the SM Higgs ones, while the ‡ field acquires the same interactions than h albeit weighted down
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by sin “, a fact rich in phenomenological consequences to be discussed further below. The SM limit
is recovered when the ‡ field is decoupled from the spectrum and cos “ = 1 follows from Eqs. (2.9)
and (2.14). Conversely, for mh > m‡ the mixing dependence would correspond to the interchange
cos “ ¡ sin “ in Eq. (2.18).
2.1.3 Renormalization and scalar tree-level decays
The four independent parameters of the scalar Lagrangian can be expressed in terms of four
observables, which we choose to be:
GF © (
Ô
2v2)≠1, mh, m‡, sin “ , (2.19)
with the Fermi constant GF as measured from muon decay andmh from the Higgs pole mass, while
m‡ could be determined from future measurements of the ‡ mass, and sin “ from either deviations
of the Higgs couplings or from the ‡ line shape obtained from its decay into four leptons for
m‡ Ø 300 GeV, analogous to the case of a heavy SM Higgs boson 6.
Using Eqs. (2.9), (2.14), and (2.15), the exact expressions for the h and ‡ vevs in terms of those
physical parameters can be obtained
v =
1Ô
2GF
2≠1/2
,
v‡ =
v sin(2“)(m2‡ ≠m2h)
m2‡ +m2h ≠ (m2‡ ≠m2h) cos(2“)
.
(2.20)
These expressions in turn allow to express in terms of measured quantities the four independent
parameters of the scalar potential Eq. (2.8), which can be written as
⁄ = sin
2 “m2‡
8v2
A
1 + cot2 “m
2
h
m2‡
B
,
—
4⁄ =
m2hm
2
‡
sin2 “m4‡ + cos2 “m4h ≠ 2m2hm2‡
,
–2
4—2 =
sin2(2“)(m2‡ ≠m2h)2
4(sin2 “m4‡ + cos2 “m4h ≠ 2m2hm2‡)
,
f 2 = v
2(sin2 “m4‡ + cos2 “m4h ≠ 2m2hm2‡)
(sin2 “m2‡ + cos2 “m2h)
2 .
(2.21)
The above exact formulae show that the mixing angle “ does not coincide with the parameter
Ô
›,
except in the limit m‡ ∫ mh (or more precisely —/4⁄π 1 and v2 π f 2), where for sizeable sin “
6For a lighter ‡, the decay width becomes too narrow –possibly even below the experimental resolution– and
more ingenious procedures would be required to determine the scalar mixing strength, such as for instance on-shell
to o -shell cross section measurements [109].
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Figure 2.1: m‡ versus sin2 “ parameter space of the scalar sector. The Higgs mass mh and
the Higgs vev v have been fixed to their physical values. The red region corresponds to f2 < 0,
for which the SO(5)-invariant part of the potential is unbroken and there are no Goldstone
bosons in the symmetric limit. The region where |v| > |v‡| is shown in brown (these regions
are excluded by Higgs data, see text). The Higgs is a pseudo-Goldstone boson within the
white regions at the bottom-right and the top-left part of the plane.
the last equation above leads to
sin2 “ ≠æ
m‡/mh∫1
v2
f 2
+ 4m
2
h
m2‡
. (2.22)
A few comments regarding the parameter space and the scalar spectrum are in order, as arbitrary
values of m‡ and sin2 “ are not allowed if we insist on interpreting the Higgs boson as the pseu-
dogoldstone boson of a spontaneous SO(5) breaking. Fig. 2.1 displays the (m‡, sin2 “) plane: at
each point the scalar sector is completely defined as mh and v are fixed to their physical values.
The di erently colored regions correspond to
• No SO(5) breaking in the light red region, where f 2 < 0; its red borders depict the f 2 = 0
frontier;
• The ‡ particle being the PNGB of the spontaneous breaking of SO(5) in the light brown
region, where v‡ < v;
• The Higgs as the PNGB of the SO(5) æ SO(4) breaking in the white areas, where v < v‡
and the Higgs would became a true goldstone boson in the absence of EW breaking (v æ 0).
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A complementary divide is provided by the value of the Higgs mass:
• On themh < m‡ region to the right of the figure, the physical Higgs couplings to SM particles
are weighted down by cos “ with respect to SM values, see for instance Eq. (2.18). It will be
shown in the next sections that present LHC Higgs data only allow for values sin2 “ < 0.18
at 2‡ CL, though, leaving as allowed parameter space a fraction of the lower white (Higgs
PNGB) section of the figure. The analysis in the next sections will thus focus in this regime,
for which Fig. 2.1 already suggests a lower bound on m‡ of a few hundreds of GeV. The
relative importance of the soft breaking terms is also illustrated through the curves depicted
for fixed –/— and —/⁄;
• On the m‡ < mh area to the right of the figure, the physical Higgs couplings to SM particles
are instead weighted down by sin “, whose value will thus be bounded by sin2 “ > 0.82 at
2‡ CL. It thus remains as available zone the upper part of the upper white (Higgs PNGB)
region. Nevertheless, the quartic coupling ⁄ is there very small, typically ⁄ < 10≠3, making
the SO(5) invariant potential very flat and potentially unstable against radiative corrections;
furthermore, if the soft breaking parameters are required to be small compared to the sym-
metric term, –, — < ⁄, their values may require extra fine-tuning with respect to radiative
corrections from the fermionic sector to be discussed further below. For these reasons we will
not dwell further below on the case m‡ < mh even if phenomenologically of some interest.
Extending the renormalization scheme to the gauge sector, we choose the two extra observables
needed to be the mass of the Z boson and the fine structure constant,
MZ , –em =
e2
4ﬁ , (2.23)
with MZ and –em as determined from Z-pole mass measurements and from Thompson scattering,
respectively [110]. In our model, the relation between the gauge boson masses is the same than
that for the SM,
MW = cos ◊WMZ , (2.24)
where the weak angle is given at tree-level by
sin2 ◊W =
1
2
A
1≠
Û
1≠ 4ﬁ–emÔ
2GFM2Z
B
. (2.25)
Using all the above, it is straightforward to compute the relevant tree-level branching ratios for
the heavy and light scalar boson decays into SM bosons:
 (hæ WW ú) =  SM(hæ WW ú) cos2 “ ,
 (hæ ZZú) =  SM(hæ ZZú) cos2 “ ,
 (‡ æ W+W≠) =
Ô
2GF
16ﬁ m
3
‡ sin2“
C
1 +O
A
M2W
m2‡
BD
,
 (‡ æ ZZ) =
Ô
2GF
32ﬁ m
3
‡ sin2“
C
1 +O
A
M2Z
m2‡
BD
,
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 (‡ æ hh) =
Ô
2GF
32ﬁ m
3
‡ sin2“
C
1 +O
A
m2h
m2‡
BD
, (2.26)
where the SM widths can be found for instance in Ref. [111]. The ‡ partial widths above will
dominate the total ‡ width unless the mixing is unnaturally tiny, and thus measuring the branching
ratios is not enough to infer the value of the scalar mixing. It is easy to see that
 ‡
m‡
ƒ m
2
‡ sin2 “
8v2 , (2.27)
and thus the measurement of the line shape of the ‡ seems feasible only for m‡ above the EW
breaking scale (assuming non-negligible mixing). In that regime, the value of sin “ can be inferred
from the line shape and all other observables in Eq. (2.26) can then be predicted in terms of the
physical parameters defining our renormalization scheme. Other bosonic decay channels requiring
one-loop amplitudes will be discussed later on.
2.2 Fermionic sector
The fermionic sector is unavoidably an important source of model dependency as diverse choices
of SO(5) fermionic multiplets are possible. Moreover the achievement of the desired symmetry
breaking pattern in “composite Higgs” models relies on the fermionic sector. A schematic picture
is given in Fig. (2.2) considering a high energy global symmetry group - SO(5) in the case under
discussion:
• Heavy scalar and fermion representations of the high-energy global symmetry are considered.
SO(5) breaks spontaneously to SO(4) at a scale f , resulting in four massless Goldstone
bosons: the three longitudinal components of the electroweak gauge bosons and a “Higgs
Goldstone boson”. The fifth component ‡ remains massive.
• Furthermore, SO(5) is explicitly broken by the coupling of the exotic heavy representations
to the SM fermions (soft breaking) and to the gauge bosons (hard breaking). This induces
at one-loop a potential for the h field with a non-trivial minimum, providing a mass for h
and breaking the SM electroweak symmetry at a scale v ”= f .
Several “minimal” possibilities have been explored in the literature for the exotic fermionic repre-
sentations (see for instance Refs. [16, 22]). The setup considered here contains:
1. Heavy (exotic) vector-like fermions in complete representations of SO(5), either in the fun-
damental representation, denoted below by Â - or singlets denoted by ‰.
2. A scalar field „ in the fundamental representation of SO(5), which contains the h and ‡
particles. Its vev breaks SO(5) spontaneously to SO(4)Õ. By construction only the heavy
exotic fermions couple directly to the scalar „.
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Figure 2.2: Schematics of the SO(5)æ SO(4) model
Figure 2.3: Schematics of light fermion mass generation. The light SM fermions -here the
top quark- couple to the heavy partners breaking explicitly SO(5). The middle image depicts
the SO(5) invariant Yukawa interactions between the Higgs and the heavy partners. The
combination of both couplings induces and e ective top Yukawa coupling and thus a massive
top quark.
3. The Higgs field couples to the exotic fermions only via SO(5) invariant Yukawa couplings.
The sources of SO(5) breaking lie instead in the electroweak gauge interactions and in mixing
terms between the heavy exotic fermions and the SM fermions. Such a breaking is fed via
loop corrections to the scalar potential, where it is modeled by two SO(5) soft breaking
terms which are custodial preserving.
This choice of fermionic representation respects an approximate custodial symmetry which protects
the Zbb coupling [112]. Fig. (2.3) illustrates a characteristic of the partially composite fermionic
sector in this class of models [29]: a seesaw-like mechanism is at work in the generation of all
low-energy fermion masses. The heavier the exotic fermions the lighter the light fermions.
To ensure correct hypercharge assignments for the SM fermions coupled directly to heavy exotic
fields, the global symmetry is customarily enlarged by (at least) an extra U(1)X sector, leading
finally to a pattern of spontaneous global symmetry breaking given by
SO(5)◊ U(1)X æ SO(4)◊ U(1)X ¥ SU(2)L ◊ SU(2)R ◊ U(1)X , (2.28)
with the hypercharge corresponding now to a combination of the new generator and that of SU(2)R
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generator, see Eq. (2.4),
Y =  (3)R +X . (2.29)
As the global U(1)X symmetry remains unbroken, no additional Goldstone bosons are generated.
Two di erent U(1)X charges are compatible with SM hypercharge assignments: 2/3 and ≠1/3. We
will indeed consider two di erent copies of heavy fermions for each representation, di erentiated
by the U(1)X , as they are necessary to induce mass terms for both the SM up and the down quark
sectors. Schematically, the fundamental and singlet representations can be decomposed under
SU(2)L quantum numbers as follows,
Â(2/3) ≥ (X,Q, T (5)) , Â(≠1/3) ≥ (QÕ, X Õ, B(5)) ,
‰(2/3) ≥ T (1) , ‰(≠1/3) ≥ B(1) ,
where X(Õ), Q(Õ) denote the two di erent SU(2)L doublets contained in the fundamental represen-
tation of SO(5). In each multiplet, the first doublet has  (3)R = 1/2 while the second one has
 (3)R = ≠1/2. T(1,5), B(1,5) denote instead SU(2)L ◊ SU(2)R singlets, respectively in the 5 and
1 representation of SO(5). Table 2.1 summarizes the relevant quantum numbers for all heavy
fermions.
Charge/Field X Q T(1,5) QÕ X Õ B(1,5)
 (3)R +1/2 ≠1/2 0 +1/2 ≠1/2 0
SU(2)L ◊ U(1)Y (2,+7/6) (2,+1/6) (1,+2/3) (2,+1/6) (2,≠5/6) (1,≠1/3)
x +2/3 +2/3 +2/3 ≠1/3 ≠1/3 ≠1/3
qEM
Xu = +5/3
Xd = +2/3
Qu = +2/3
Qd = ≠1/3
+2/3
QÕu = +2/3
QÕd = ≠1/3
X Õu = ≠1/3
X Õd = ≠4/3
≠1/3
Table 2.1: Heavy fermion charges assignments.
The fermionic Lagrangian
For the SM fermions, the analysis below will be restricted to the third generation of SM quarks
for simplicity, denoting by qL and tR and bR the doublet and singlets, respectively. It would be
straightforward to extend the results to the other two generations, for instance introducing heavier
replica of the exotic sector, leading to very minor additional phenomenological impact.
Assuming the “minimal” content specified in the previous sections, the fermionic Lagrangian is
given by
LF = q¯Li /DqL + t¯Ri /DtR + b¯Ri /DbR
+ Â¯(2/3)
1
i /D ≠M5
2
Â(2/3) + Â¯(≠1/3)
1
i /D ≠M Õ5
2
Â(≠1/3)
+ ‰¯(2/3)
1
i /D ≠M1
2
‰(2/3) + ‰¯(≠1/3)
1
i /D ≠M Õ1
2
‰(≠1/3)
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≠
5
y1 Â¯
(2/3)
L „‰
(2/3)
R + y2 Â¯
(2/3)
R „‰
(2/3)
L + yÕ1 Â¯
(≠1/3)
L „‰
(≠1/3)
R + yÕ2 Â¯
(≠1/3)
R „‰
(≠1/3)
L
+  1
1
q¯L (2/3)2◊5
2
Â(2/3)R +  2 Â¯
(2/3)
L
1
 (2/3)5◊1 tR
2
+  3 ‰¯(2/3)L tR
+  Õ1
1
q¯L (≠1/3)2◊5
2
Â(≠1/3)R +  Õ2 Â¯
(≠1/3)
L
1
 (≠1/3)5◊1 bR
2
+  Õ3 ‰¯
(≠1/3)
L bR + h.c.
6
. (2.30)
The first lines contain the kinetic terms for the SM fermions. The second and third lines include
the kinetic and mass terms for the exotic fermions. The kinetic terms become SO(5)-invariant
in the gaugeless limit. The fourth line contains the SO(5) invariant Yukawa couplings of the
exotic sector to the Higgs field. Finally, the last two lines of the Lagrangian contain the SO(5)
soft-breaking interactions of SM fermions with exotic fermions.  2◊5 and  5◊1 denote suitable
spurions connecting SO(5) and SU(2)◊ U(1) representations. If the primed parameters were set
to zero no bottom mass would be generated through this mechanism. All parameters in Eq. (2.30)
are assumed real for simplicity, that is, we will assume CP invariance in what follows.
It is useful to rewrite the Lagrangian in Eq.(2.30) in terms of SU(2)L components. For this
purpose, from this point and until Eq. (2.39) below, h and ‡ will denote again the unshifted and
unrotated original scalar fields in Eq. (2.8):
LF = q¯Li /DqL + t¯Ri /DtR + b¯Ri /DbR + Q¯
1
i /D ≠M5
2
Q+ X¯
1
i /D ≠M5
2
X
+ T¯ (5)
1
i /D ≠M5
2
T (5) + T¯ (1)
1
i /D ≠M1
2
T (1) + Q¯Õ
1
i /D ≠M Õ5
2
QÕ + X¯ Õ
1
i /D ≠M Õ5
2
X Õ
+ B¯(5)
1
i /D ≠M Õ5
2
B(5) + B¯(1)
1
i /D ≠M Õ1
2
B(1)
≠
5
y1
1
X¯LHT
(1)
R + Q¯LÊHT (1)R + T¯ (5)L ‡T (1)R 2+ y2 1T¯ (1)L H†XR + T¯ (1)L ÊH†QR + T¯ (1)L ‡T (5)R 2
+ yÕ1
1
X¯ ÕLÊHB(1)R + Q¯ÕLHB(1)R + B¯(5)L ‡B(1)R 2+ yÕ2 1B¯(1)L ÊH†X ÕR + B¯(1)L H†QÕR + B¯(1)L ‡B(5)R 2
+  1q¯LQR +  Õ1q¯LQÕR +  2T¯
(5)
L tR +  3T¯
(1)
L tR +  Õ2B¯
(5)
L bR +  Õ3B¯
(1)
L bR + h.c.
6
. (2.31)
Eq. (2.31) shows that the light fermion masses must be proportional to the SO(5) invariant Yukawa
couplings of heavy fermions and to the explicitly SO(5) breaking light-heavy fermionic interactions.
The generation of light quark masses requires a vev for the scalar doublet H. For instance, a t¯LtR
mass term is seen to result from the following chain of couplings,
ql ≠æ 1 QR ≠æM5 QL ≠æy1ÈH˜Í T
(1)
R ≠æM1 T
(1)
L ≠æ 3 tR , (2.32)
suggesting
mt Ã y1  1  3
M1M5
v , (2.33)
see also Fig. 2.3 and Sect. 2.5. Furthermore, both the +2/3 and ≠1/3 electrically charged sectors
acquire o -diagonal mixing terms.
The expression for the fermionic Lagrangian Eq. (2.31) can be rewritten in a compact form
defining a fermionic vector whose components are ordered by their electrical charges qEM =
(+5/3,+2/3,≠1/3,≠4/3),
  =
1
Xu, T , B, X Õd
2
, (2.34)
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where T and B include the top and bottom quarks together with their heavy fermionic partners
T =
1
t, Qu, Xd, T (5), T (1), QÕu
2
, B =
1
b,QÕd, X Õu, B(5), B(1), Qd
2
. (2.35)
The fermion mass terms in the weak basis can then be written as
LM = ≠ ¯L M(h,‡)  R, (2.36)
where here and in what follows the sum over all components of the fermionic vector is left implicit
and the block diagonal 14◊ 14 fermion mass matrix M reads
M(h,‡) = diag
1
M5,MT (h,‡),MB(h,‡),M Õ5
2
, (2.37)
MT (h,‡) =
Qcccccccca
Rddddddddb
0  1 0 0 0  Õ1
0 M5 0 0 y1 hÔ2 0
0 0 M5 0 y1 hÔ2 0
 2 0 0 M5 y1‡ 0
 3 y2 hÔ2 y2
hÔ
2 y2‡ M1 0
0 0 0 0 0 M Õ5
, (2.38)
MB(h,‡) = MT (h,‡) with {yi, i,Mi}¡ {yÕi, Õi,M Õi} . (2.39)
The mass matrices can be diagonalised by bi-unitary (or for the case of the real parameters bi-
orthogonal) transformations,
 physL = L L ,  physR = R R , Mdiag = L†MR . (2.40)
These matrices can be diagonalized analytically in some interesting limits; in general they will be
diagonalized numerically.
The physical light eigenstates are admixtures of the light and heavy fermion fields appearing in
the Lagrangian. The scalar fields vevs induce in addition heavy fermion mass splittings. Notice
however that, even in the limit of vanishing Yukava couplings, the exotic fermions get mixed via
the SO(5) breaking couplings. Moreover, although the various dimensional couplings  i and  Õi
in Eqs. (2.30) and (2.31) may be of the same order, the top and bottom components of the heavy
doublets are splitted by SO(4) breaking terms, generically of O(yiv).
2.3 Phenomenology
In this section, bounds are derived first on the model parameters resulting from present LHC Higgs
data and from electroweak precision tests - namely S,T and gbL. Future signals are discussed next,
focusing in particular on ‡ physics.
53
2.3.1 Bounds from Higgs measurements
The tree-level mixing of the scalar singlet ‡ with the Higgs resonance h can be strongly bounded
from present data and in particular from h to ZZ and W+W≠ decays, and from h-gluon-gluon
transitions: the Higgs coupling strength to SM fields is weighted down simply by a cos “ factor with
respect the SM value, as previously explained and shown in Eq. (2.18). We use ATLAS and CMS
combined results for the gluon-gluon and vector boson mediated Higgs production processes [113].
A ‰2 fit taking into account the correlation between the corresponding coupling modifiers in the
combined fit of the 7 and 8 TeV LHC data -given by figure 23.B of Ref. [113]- constrains directly
cos “, translating into the following bound
sin2 “ . 0.18 (at 2‡) , (2.41)
which in the m‡ ∫ mh limit would point to a value for the non-linearity parameter of composite
Higgs models, › © v2/f 2 ≥ sin2 “, consistent with the limits found in the literature [69], see
Eqs. (2.21) and (2.22) and the discussion below.
Comparison with literature on non-linear realizations
Ref. [69] shows that in non-linear realizations of the composite Higgs scenario the behaviour of the
Higgs couplings modifications varies depending on the SO(5) fermionic representations chosen. In
particular they compare the so called MCHM4 and MCHM5 scenarios:
• InMCHM4, the fermions (both the embedded light ones and the heavy partners) are in the 4
(spinorial) representation of SO(5); the coupling modifiers then obey Ÿ(4)V = Ÿ
(4)
f = (1≠›)1/2,
leading to a bound from Higgs data ›(4) < 0.18 at 2‡ CL. MCHM4 is actually ruled out by
its impact on the Zbb coupling and thus for instance disregarded in Ref. [16].
• In MCHM5, the fermions are instead in the 5 (fundamental) of SO(5), and in this case
Ÿ(5)V = (1≠ ›)1/2 di ers from Ÿ(5)f = (1≠ 2›)(1≠ ›)≠1/2, that is, Ÿ(5)f /Ÿ(5)V ¥ 1≠ › for small ›
values. LHC Higgs data set then a bound ›(5) < 0.12 at 2‡ CL.
Now, the heavy fermion configuration of our model seems alike to that inMCHM5 if the ‡ particle
was disregarded (‡ does not intervene in the tree-level Higgs data analysis of SM couplings),
and in spite of including one heavy fermion in a 1 (singlet) of SO(5) as the latter could be
integrated out to mimic the MCHM5 spectrum discussed for instance in Refs. [114] or [16].
Indeed, according to the notation in Ref. [16], the fermion representation in our model would be
given by MCHMQ≠T≠B æ MCHM5≠5,1≠5,1; nevertheless, the behaviour for the modifiers –and
thus the resulting › bound– is the same than in MCHM4, see Eq. (2.41). Plausibly, this apparent
paradox may be resolved by taking into account that the limit of very heavy ‡ corresponds to
the ⁄ coupling reaching the non-perturbative regime, and a resumation of the strong interacting
e ects may be needed to fully reach the non-linear regime.
54
2.3.2 Precision electroweak constraints
Analyses available on precision tests for composite Higgs models, such as that in Ref. [115], tend to
consider non-linear versions of the theory where the only scalar present is the Higgs particle, but
for Ref. [22], which discusses qualitatively the interplay of scalar and exotic fermion contributions.
see also Ref. [12]. We present here an explicit computation of the scalar (h and ‡) and exotic
fermion contributions, discussing the impact of varying the ‡ mass. S, T and U parameters are
considered together with gbL and parameter correlations.
S, T and gbL
Consider the parameter definitions in Ref. Ata ,
–S = 4sW cW
d 30(q2)
dq2
|q2=0 = 4sW cW F30 ,
– T = 1
M2W
[ 11(0)≠  33(0)] = 1
M2W
[A11 ≠ A33] ,
–U = ≠4s2W
d
dq2
[ 33(q2)≠  11(q2)]|q2=0 = 4s2W (F11 ≠ F33) , (2.42)
where cW (sW ) denotes the cosinus (sinus) of the Weinberg angle cW = MW/MZ , and the elec-
troweak vacuum polarization functions are given by
 µ‹ij (q) = ≠i[ ij(q2)gµ‹ + (qµq‹ ≠ terms)] ;  ij(q2) © Aij(0) + q2Fij + ... (2.43)
with i, j = W,Z or i, j = 0, 3 for the B or the W3 bosons, respectively, and the dots indicating
an expansion in powers of q2. We will not consider further U as it typically corresponds to higher
order (mass dimension eight) couplings while only low-energy data (e.g. LEP) will be used here 7.
On the contrary, relevant constraints could stem from deviations induced in the Zb¯LbL coupling,
parametrised by gbL in the decay amplitude
MZæb¯LbL = ≠
e gbL
sW cW
b¯(p2) /‘(q)
1≠ “5
2 b(p1), (2.44)
where ‘(q) denotes the Z boson polarization and pi the b quark and antiquark momenta.
The values of S, T and gbL are allowed to deviate from the SM prediction within the constraints [115,
117]
 S © S ≠ SSM = 0.0079± 0.095 ,
 T © T ≠ TSM = 0.084± 0.062 ,
 gbL © gbL ≠ gbLSM = (≠0.13± 0.61)◊ 10≠3 , (2.45)
with the (S, T, gbL) correlation matrix given byQca 1 0.864 0.060.864 1 0.123
0.06 0.123 1
Rdb . (2.46)
7Some other handful parameter definitions are: ‘1 © –T ; ‘3 = –S /(4s2W ), see Ref. [116].
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Scalar contributions in the linear SO(5) model: h and ‡
Given the scalar couplings in Eq. (2.18), their contributions to S and T can be formulated as
 T (h and‡) = ≠ T hSM(mh) + c2“ T hSM(mh) + T (‡) = s2“
Ë
≠ T hSM(mh) + T hSM(m‡)
È
, (2.47)
 S(h and‡) = ≠ ShSM(mh) + c2“ ShSM(mh) + S(‡) = s2“
Ë
≠ ShSM(mh) + ShSM(m‡)
È
, (2.48)
where the ‡ contributions  T (‡) and  S(‡) have been simply written in terms of the usual SM
formulae for the Higgs contribution  T hSM and  ShSM with the replacement mh æ m‡ and using
the formulae valid for masses much above the electroweak scale. The scalar contribution to  T is
then given by
 T (h and‡) =3GFM
2
W
8ﬁ2
Ô
2
s2“
Qa≠m2h log(m2h/M2W )M2W ≠m2h +m2‡
log(m2‡/M2W )
M2W ≠m2‡
+ M
2
Z
M2W
I
m2h
log(m2h/M2Z)
M2Z ≠m2h
≠m2‡
log(m2‡/M2Z)
M2Z ≠m2‡
JRb ,
(2.49)
which in the limit m‡ ∫ mh,MW ,MZ reduces to
 T (h and‡) ≥ s2“
3GFM2W
8ﬁ2
Ô
2
s2W
c2W
log(m2‡/M2W ) . (2.50)
For the  S corrections, the formulation in Refs. [118,119] is used, leading to
– ShSM(m) = s2W
2GFÔ
2ﬁ2
M2W
Qa x
12(x≠ 1) log(x) +
A
≠x6 +
x2
12
B
F (x)≠
A
1≠ x3 +
x2
12
B
F Õ(x)
Rb ,
(2.51)
where x © m2/M2Z and for x < 4:
F (x) = 1 +
3
x
x≠ 1 ≠
1
2x
4
log x≠ x
Û
4
x
≠ 1 arctan
Û
4
x
≠ 1 ,
F Õ(x) = ≠1 + x≠ 12 log x+ (3≠ x)
Û
x
4≠ x arctan
Û
4
x
≠ 1 ,
(2.52)
while for x > 4:
F (x) = 1 +
3
x
x≠ 1 ≠
1
2x
4
log x≠ x
Û
1≠ 4
x
log
3Ú
x
4 ≠ 1 +
Ú
x
4
4
,
F Õ(x) = ≠1 + x≠ 12 log x+ (3≠ x)
Û
x
x≠ 4 log
3Ú
x
4 ≠ 1 +
Ú
x
4
4
.
(2.53)
In the limit of very large m‡, the ‡ contribution to S can be approximated by:
– S(‡) ≠æ
‡æŒ s
2
“s
2
W
2GFÔ
2ﬁ2
M2W
C
1
12 log
A
m2‡
M2W
BD
, (2.54)
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Figure 2.4: Uncombined contributions of the scalar sector (black curve) and the exotic
fermionic sector to the parameters S and T .
consistent with the statements in the literature for a very heavy Higgs particle [65].
The black curve in Fig. 2.4 displays examples of the  S and  T corrections induced by the ‡
scalar as it follows from the formulae shown above. As earlier explained, the set of parameters in
the scalar potential (f ,⁄ ,– , —) has been traded by four observables: GF , mh, m‡ and the scalar
mixing “ (with the latter two yet to be experimentally measured). It is nevertheless theoretically
illuminating to indicate the corresponding values for f and the scalar quartic self-coupling ⁄ for
each example analyzed, and their values are shown in all figures to follow. We present numerical
results for two typical parameter regimes:
• m‡ = 2 TeV, s2“ = 0.04, which corresponds to f = 1 TeV and to scalar potential couplings
⁄ = 0.38, – = 0.35 and — = 0.16, which clearly lie within the perturbative regime of the
linear SO(5) sigma model.
• m‡ = 6 TeV, s2“ = 0.06, which also correspond to f = 1 TeV, while ⁄ = 4.3 -closer to the limit
of validity of the perturbative expansion- and – = 0.25, — = 0.13; this pattern corresponds
then to a mainly SO(5) symmetric scenario with small soft symmetry breaking.
Fig. 2.4 shows a sizeable negative contribution of the ‡ particle to  T which increases with m‡,
and positive contribution to  S; the result is consistent with the pattern expected in Ref. [22],
and similar to that for the heavy Higgs case (see e.g. Ref. [120]). In the limit m‡ æ mh the total
scalar contribution matches that in the SM due to the Higgs particle. It is easy to extrapolate the
S and T scalar contributions to other mixing regimes as they scale with s2“: for instance the e ect
would be amplified by a factor of ≥ 3 when raising the mixing towards the maximal value allowed,
see Eq (2.41).
For gbL instead we will not analyze the one-loop ‡ contributions, as they would be proportional to
the bottom Yukawa couplings and thus negligible compared to the top and top-partner contribu-
tions to be discussed next.
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Figure 2.5: Combined contributions to S and T from the scalar sector and the exotic
fermionic sector. The blue, green and red points are allowed at 1, 2, 3‡ by the combined
(S, T, gbL) fit, while gray points are outside the 3‡ region.
Fermionic contributions
The heavy fermion sector may have an impact on the oblique parameters and on gbL. This sector
adds additional parameter dependence on top of the four renormalization parameters already
discussed for the scalar sector of the linear SO(5) sigma model. The fermionic parameter space is
quite large and adjustable, and thus in practice m‡ and “ will be treated here as independent from
them. It will also be assumed that the inclusion of quarks and leptons from the first two generations
does not alter significantly the analysis of electroweak precision tests, as lighter fermions tend to
have very small mixing with their heavy partners.
The gauge boson couplings to neutral (NC) and charged (CC) fermionic currents in the weak basis
can be read from Table 2.1. After rotation to the mass basis, the corresponding Lagrangians can
be written as [114]:
LNC =  ¯phys“µ
5
g
2 (CLPL + CRPR)W
3
µ ≠ gÕ(YLPL + YRPR)Bµ
6
 phys
=  ¯phys“µ
5
g
2cW
1
CLPL + CRPR ≠ 2s2WQ
2
Zµ ≠ eQAµ
6
 phys ,
LCC =  ¯phys“µ
C
gÔ
2
(VLPL + VRPR)W+µ
D
 phys + h.c. , (2.55)
where PL and PR are chirality projectors,  phys denotes the generic fermionic vector in the physical
mass basis and e is the absolute value of the electric charge unit. In the model under discussion,
the matrices C and Y are related via the electric charge matrix –see also Eq. (2.29):
Y– = Q≠ 12C– – = L or R , (2.56)
with
Q =
3
+53 ,+
2
3 16◊6,≠
1
3 16◊6,≠
4
3
4
. (2.57)
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The relation between the NC coupling matrices in the mass basis, CL,R and YL,R, and their coun-
terparts in the interaction basis (same symbols in curly characters below) is given by
CL = LCLL†, CR = R CRR† , CL;R = diag(+1, CTL;R, CBL;R,≠1) , (2.58)
CTL;R = ≠CBL;R = diag(+1; 0,+1,≠1, 0, 0,+1) ; (2.59)
YL = LYLL†, YR = RYRR† , YL;R = diag
3
+76 ,Y
T
L;R ,YBL;R,≠
5
6
4
, (2.60)
YTL;R = diag
31
6 ;
2
3 ,
1
6 ,
7
6 ,
2
3 ,
2
3 ,
1
6
4
, YBL;R = diag
31
6 ;≠
1
3 ,
1
6 ,≠
5
6 ,≠
1
3 ,≠
1
3 ,
1
6
4
. (2.61)
Analogously, for the CC coupling matrices VL,R:
VL = LVL† , VR = RVR† ;VL;R =
Qcccca
0 VXuT 01◊6 0
06◊1 06◊6 VT BL;R 06◊1
06◊1 06◊6 06◊6 VBXÕd
0 01◊6 01◊6 0
Rddddb , (2.62)
VXuT =
1
VBXÕd
2†
= (0, 0, 1, 0, 0, 0) , (2.63)
while VT BL is a 6◊ 6 matrix whose elements are null but for its (1, 1), (2, 6) and (6, 2) entries with
value 1, and VT BR is a 6◊ 6 matrix with null elements but for its (2, 6) and (6, 2) entries with value
1.
T parameter. The contribution of the fermionic sector to the T parameter,  T f , is given
by [121]
 T f = 316ﬁs2W c2W
;ÿ
ij
Ë1
(V ijL )2 + (V ijR )2
2
◊+(÷i, ÷j) + 2V ijL V ijR ◊≠(÷i, ÷j)
È
≠
≠12
ÿ
ij
Ë1
(CijL )2 + (CijR )2
2
◊+(÷i, ÷j) + 2CijLCijR ◊≠(÷i, ÷j)
È <
≠ 316ﬁs2W c2WM2Z
A
m2t +m2b ≠ 2
m2tm
2
b
m2t ≠m2b
ln m
2
t
m2b
B
, (2.64)
where mi denotes the fermion masses, mi ©Mdiagii , and ÷i © m2i /M2Z . The last line in this equation
corresponds to the substraction of the SM contribution from the light fermions (top and bottom).
The ◊± functions are defined as [121]:
◊+(÷1, ÷2) = ÷1 + ÷2 ≠ 2÷1÷2
÷1 ≠ ÷2 ln
÷1
÷2
≠ 2(÷1 ln ÷1 + ÷2 ln ÷2) + div ÷1 + ÷22 , (2.65)
◊≠(÷1, ÷2) = 2
Ô
÷1÷2
A
÷1 + ÷2
÷1 ≠ ÷2 ln
÷1
÷2
≠ 2 + ln(÷1÷2)≠ div2
B
. (2.66)
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S parameter. The fermionic contribution to S,  Sf , can be computed following Ref. [121],
 Sf = ≠ 1
ﬁ
ÿ
ij
;
(CijL Y ijL + CijRY ijR )
C
≠div12 ≠
5
9 +
÷i + ÷j
3 +
ln(÷i÷j)
6
+÷i ≠ 112 f(÷i, ÷i) +
÷j ≠ 1
12 f(÷j, ÷j)≠
‰+(÷i, ÷j)
2
D
≠(CijL Y ijR + CijRY ijL )
C
2Ô÷i÷j +Ô÷i÷j f(÷i, ÷i) + f(÷j, ÷j)4 +
‰≠(÷i, ÷j)
2
D <
≠ SfSM , (2.67)
with the functions f(÷1, ÷2) and ‰±(÷i, ÷j) as defined in Ref. [121], “div” standing for the divergent
contributions typically appearing in dimensional regularisation, and the last term corresponding
to the substraction of the SM light (top and bottom) fermionic contributions. 8
Anomalous Zbb coupling. We follow Ref. [114] for the computation of the corrections to the
gbL parameter defined in Eq. (2.44), ”gbL. Only the top and bottom sectors will be taken into
account as the mass generation mechanism for the lighter fermions are expected to have a lesser
impact on EW precision tests since either the exotic fermions involved are much heavier or the
Yukawa couplings connecting them to the SM fermions are much smaller. Moreover, the bottom
quark mass will be neglected (yÕ1 = yÕ2 = 0) 9. The fermion-gauge couplings relevant to this case
are the Z couplings for the charge 2/3 and ≠1/3 sectors which can be read from Eqs. (2.57) and
(2.59), and the couplings to the W± boson between the (2/3, R) and the (≠1/3, L) sectors (see
the matrix VT BL defined after Eq. (2.63)). In addition to the NC and CC couplings in Eq. (2.55),
the interactions of the charged longitudinal gauge boson components “ﬁi” are needed,
Lﬁ± =  ¯phys gÔ2 (WLPL +WRPR) 
physﬁ+ + h.c. (2.68)
where
WL = RWLL†, WR = LWRR† , (2.69)
with WL and WR being the mixing matrices in the interaction basis, given in the present model
by
WL;R =
Qcccca
0 WXuTL;R 01◊6 0
06◊1 06◊6 WT BL;R 06◊1
06◊1 06◊6 06◊6 WBXÕdL;R
0 01◊6 01◊6 0
Rddddb , (2.70)
WXuTL;R =
Ô
2
g
(0, 0, 0, 0,≠y2;≠ y1, 0) ,
1
WBXÕdL;R
2†
=
Ô
2
g
(0, 0, 0, 0, yÕ1; yÕ2, 0) .
8The SM fermionic contributions to S and T with only one generation of quarks follow from Eq. (2.55) considering
a two-component fermion field  SM = (t, b), with MSM = diag(mt,mb) and coupling matrices QSM = Y SMR =
diag (+2/3,≠1/3), CSML = diag (+1,≠1), Y SML = + 16 2◊2 , V SML = antidiag (0, 1), CSMR = V SMR = 2◊2.9The cancellation of divergences in the computation of ”gbL has been verified in this approximation.
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Figure 2.6: Scalar and fermionic impact on the T parameter and on the Z-bL-bL coupling
gLb .
The 6 ◊ 6 matrix WT BL in this equation has all elements null but for its (5, 6) and (6, 5) entries
which take values y1 and ≠yÕ2, respectively, while WT BR is a 6 ◊ 6 matrix of null elements but for
its (5, 6) and (6, 5) entries which take values y2 and ≠yÕ1, respectively. In practice, only the entries
connecting –after rotation– the charge 2/3 fermions to bL enter the computation.
In the numerical analysis, the two sets of values considered earlier on for the numerical analysis
of the pure scalar contributions will be retained: (m‡ = 2 TeV, sin2“ = 0.04) and (m‡ = 6 TeV,
sin2“ = 0.06), both corresponding to f = 1 TeV and within the soft breaking regime –, — < ⁄, with
the latter being kept within its perturbative range 10. Note that, for a ‡ particle much heavier
than the Higgs, values of f below 700 GeV would be di cult to accommodate experimentally as
sin “2 ƒ v2/f 2, see Eq. (2.41). The exotic fermionic masses will be allowed to vary randomly
between 800 GeV and O(10 TeV), as the heavy top partners with electric charges +5/3 and +2/3
are bounded to be above 800 ≠ 1000 GeV [122, 123], depending on the dominant decay mode. In
the light fermion sector, the top and bottom masses will be allowed to vary within the intervals
mt = 173± 5 GeV and mb = 4.6± 2 GeV, respectively, for illustrative purposes.
Figs. 2.4 to 6 depict the points that satisfy a ‰2 global fit to the precision pseudo-observables S, T
and ”gbL, where the blue, green, and red points are the allowed 1‡, 2‡ and 3‡ regions, respectively,
while gray points lie above the 3‡ limit. The central values, uncertainties and correlation matrix
are taken from Ref. [115]. The ellipses drawn in the  S ≠ T plane in Figs. 2.4 and 2.5 are the
projection for  gLb = 0, while those in the  T ≠ gLb plane in Fig. 2.6 use the  S value coming
from the scalar sector. The latter is a good approximation since S gets in practice a very small
correction from the heavy fermions, as seen in Fig. (2.5).
S versus T. The fermion sector can lead to large deviations in the value of the T parameter. In
Fig. (2.4) and in the first panel of Fig. (2.5) only the fermionic contributions are depicted. The last
two panels in Fig (2.5) show the fermion plus scalar combined results: the lighter the ‡ particle,
the less tension follows with respect to electroweak precision data, in particular due to the impact
10m‡ = 4ﬁf is roughly where perturbativity is lost in chiral perturbation theory [58].
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on  T , although it is to be noted that even for large m‡ fermionic contributions can bring (S, T )
within the experimentally allowed region.
The sign of the fermionic contributions to S and T can be largely understood in terms of the
light-heavy fermion mixings and the mass hierarchy between the heavy eigenstates. For instance,
large mixing values with a heavy singlet are known to induce large positive contributions to  T ,
as pointed out in Ref. [114], as a result from the custodial symmetry being broken by the singlet-
doublet mixing. It is possible to illustrate the analysis more in detail following Ref. [124], which
uses a di erent fermionic but nonetheless illuminating embedding. They consider heavy vector
fermions which couple directly to both the light doublet q and the light singlet qR. When only a
heavy singlet is present, the expected contributions to  T and  S are both significant (though
the first are more important) and positive for the regime we consider, see their Eq. (32). Instead,
when only a heavy vector doublet was taken into account, the sign of the correction to the oblique
parameters was proportional to the sign of the mass splitting between the heavy eigenstates with
charge 2/3 and ≠1/3, resulting in sizeable contributions to  T and very small to  S.
It is not possible to apply those conclusions in Ref. [124] directly here, though, as in our setup the
light fermion mass generation involves necessarily and simultaneously both a heavy doublet and a
heavy singlet, see Eq. (2.33): the light doublet q mixes directly only with the heavy doublet Q,
while qR mixes with T1. Nevertheless, the mainly positive fermionic corrections to  S found are
consistent with being dominated by the participation of a heavy singlet. The results, in Fig. 2.7
show indeed that a large mixing between tL and the singlet T (1) leads to a positive  T (left panel)
while the negative corrections to  T obtained are consistent instead with a large mixing between
tR and the doublet component Xd (middle panel).
T versus gbL. The deviations induced in the Zbb coupling provide additional bounds: even if the
model parameters do not impact on  gLb at tree level, the top partners may induce at loop level
deviations from the SM value. Fig. 2.6 depicts the purely fermionic and the scalar plus fermion
combined contributions in the T ≠ gbL parameter space. Finally, the right panel of Fig. 2.7 shows
a sizeable and positive impact on gbL of the mixing between tL and the charge 2/3 heavy singlets
T (1) and T (5).
As a final remark, there are considerable mixings in the fermion sector for which the dominant
e ects go schematically as tan ◊ij ≥  i/Mj. It could be thus suspected that large deviations in the
Wtb coupling should occur. However, these rotations are mainly driven by the SO(5) breaking
couplings  i and  Õi, which are custodial symmetry preserving. Therefore, a large rotation in
the top sector is mostly compensated by a corresponding one in the bottom sector, leading to
practically no deviation in Vtb.
2.3.3 Higgs and ‡ coupling to gluons
This section and the next one deal with the scalar to photons and to gluons e ective couplings,
arising at one-loop level. Define the scalar-gluon-gluon amplitudes hgg (‡gg) as
Ah(‡) © Ah(‡)¡gg(m2h(‡)) = ≠i
–s
ﬁ
gh(‡) (p · k gµ‹ ≠ pµk‹)”ab , (2.71)
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Figure 2.7: Examples of correlations between the fermion mixing strength and elec-
troweak precision measurements. The label “tL,R mixing with  1,  2, . . . ” indicates1
|UL,R1 |2 + |UL,R2 |2 + . . .
21/2
, where UL,R indicates the left or right rotation that diagonalizes
the mass matrix.
where gh and g‡ are scale dependent functions that parametrise the amplitude strength, –s = g2s/4ﬁ
with gs denoting the QCD coupling constant, p and k stand for the gluon four-momenta, and a, b
are color indices. In the case of the SM, the hgg coupling is induced only at one loop level and
the amplitude is dominated by the top quark,
gSMh =
A
ytÔ
2
B
1
mt
I
A
m2h
m2t
B
, (2.72)
where yt is the top Yukawa coupling (mt © yt v/
Ô
2) and I(m2h/m2t )/mt is the loop factor with
I
A
q2
m2
B
=
⁄ 1
0
dx
⁄ 1≠x
0
dz
1≠ 4xz
1≠ xz q2m2
¥
Y_]_[
1/3 for m2 ∫ q2
0 for m2 π q2
Z_^
_\ .
The SM bottom contribution corresponds to I(m2h/m2b) ¥ 10≠2 and is thus usually neglected 11.
There are no direct hgg or ‡gg couplings in the Lagrangian discussed here, but e ective hgg
and ‡gg interactions arise via fermion loops. Expanding the global field-dependent mass matrix
M(h,‡) in Eqs. (2.36)-(2.39) around the scalar field vevs, v and v‡, and defining the following
constant matrices
M ©M(v, v‡) , ˆM
ˆh
© ˆM(h,‡)
ˆh
----- h = v
‡ = v‡
,
ˆM
ˆ‡
© ˆM(h,‡)
ˆ‡
----- h = v
‡ = v‡
,
the fermionic mass Lagrangian Eq. (2.36) can be written as
≠LY =  ¯LM R + hˆ  ¯LˆM
ˆh
 R + ‡ˆ  ¯L
ˆM
ˆ‡
 R + h.c. (2.73)
where hˆ and ‡ˆ are the unrotated scalar fluctuations, see Eq. (2.13). Performing the rotation to
the fermionic mass eigenstate basis { i æ  physi },1
M
2
ij
æ mi ”ij ,
1
ˆM
ˆh
2
ij
æ (Yh)ij ,
1
ˆM
ˆ‡
2
ij
æ (Y‡)ij , (2.74)
11The large mass limit in the integral is customarily applied for mh < 2mi, which includes the top case.
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where mi, Yh and Y‡ are respectively the masses and the couplings to the unrotated scalars fields
hˆ, ‡ˆ of the physical fermionic states 12. For simplicity, CP invariance will be assumed in what
follows.
It is straightforward to obtain the physical h ¡ gg and ‡ ¡ gg amplitudes combining those
involving the unrotated hˆ and ‡ˆ fields. The latter will require the substitution of the SM loop
factor in Eq. (2.73) as follows,
ytÔ
2
1
mt
I
A
m2h
m2t
B
æ
Y______]______[
ÿ
i
(Yh)ii
1
mi
I
A
q2
m2i
B
for hˆ¡ gg
ÿ
i
(Y‡)ii
1
mi
I
A
q2
m2i
B
for ‡ˆ ¡ gg
Z______^
______\
, (2.75)
where q2 = m2h for h¡ gg on-shell transitions, while q2 = m2‡ for ‡ ¡ gg on-shell transitions, and
where the sum runs over all colored fermion species present in the model.
h¡ gg transitions
If all fermion masses were much larger than mh, it would be possible to simply factorize the
constant integral outside the sum as follows:ÿ
i
(Yh)ii
mi
I
A
m2h
m2i
B
¥ 13
ÿ
i
(Yh)ii
mi
= 16
d
dh
log det(MM†) , (2.76)
where the last term is written in the original unrotated fermionic basis since trace and determinant
are invariant under a change of basis. All fermions in the model under consideration are indeed
much heavier than the Higgs particle but for the bottom, whose loop contribution I(m2h/m2b)
is negligible. Therefore the false "heavy" bottom contribution included in Eq. (2.76) should be
removed at energies q2 ¥ m2h, resulting in the following e ective couplings at the scale mh:
ghˆ(m2h) ¥
1
6
d
dh
1
log det(MM†)≠ log(mb(h,‡)múb(h,‡))
2--- h = v
‡ = v‡
= 13v +O
A
v
M Õ1M Õ5
B
, (2.77)
g‡ˆ(m2h) ¥
1
6
d
d‡
1
log det(MM†)≠ log(mb(h,‡)múb(h,‡))
2--- h = v
‡ = v‡
= ≠ y23M5
 2
 3
+O
A
v‡
M Õ1M Õ5
,
v‡
M25
B
, (2.78)
where the eigenvalue of the field dependent mass matrix corresponding to the bottom quark reads:
mb(h,‡) =
yÕ1 Õ1 Õ3 ≠ yÕ1yÕ2 Õ1 Õ2 ‡/M Õ5
M Õ1M Õ5 ≠ yÕ1yÕ2 (h2 + ‡2)
hÔ
2
. (2.79)
12For instance, in this notation (Yh)tt = yt/
Ô
2.
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The h¡ gg amplitude is then given by Eq. (2.71), with
gh © ghˆ(m2h) cos “ ≠ g‡ˆ(m2h) sin “ .
In the limit mt ∫ mh, the hgg e ective coupling is exactly as in the SM. The contribution from
the heavy vector-like quarks tends to cancel out for bare vector-like masses substantially larger
than v, a result well-known in the literature.
‡ ¡ gg transitions
With analogous procedure, the ‡gg amplitude can be obtained using Eq. (2.75) for q2 = m2‡. The
di erence with the previous case is that now the top quark is lighter or comparable in mass to ‡
and it cannot be integrated out, that is mb π mt,m‡ π mi, where here mi denotes the heavy
fermion masses, and in consequence it is necessary to subtract the bottom contribution and to take
into account the q2 dependence in the top loop. In the approximation I(m2‡/m2b) ¥ 0, it results
ghˆ(m2‡) ¥
1
6
d
dh
1
log det(MM†)≠ log(mt(h,‡)mút (h,‡))≠ log(mb(h,‡)múb(h,‡))
2--- h = v
‡ = v‡
+1
v
I
A
m2‡
m2t
B
= 1
v
I
A
m2‡
m2t
B
≠ 23v
A
y1y2
M1M5
+ y
Õ
1y
Õ
2
M Õ1M Õ5
B
+O
A
vv2‡
M21M
2
5
,
vv2‡
M Õ21M Õ
2
5
B
, (2.80)
g‡ˆ(m2‡) ¥
1
6
d
d‡
1
log det(MM†)≠ log(mt(h,‡)mút (h,‡))≠ log(mb(h,‡)múb(h,‡))
2--- h = v
‡ = v‡
≠ y2
M5
 2
 3
I
A
m2‡
m2t
B
= ≠ y2
M5
 2
 3
I
A
m2‡
m2t
B
≠ 23v‡
A
y1y2
M1M5
+ y
Õ
1y
Õ
2
M Õ1M Õ5
B
+O
A
v3‡
M21M
2
5
,
v3‡
M Õ21M Õ
2
5
B
, (2.81)
where the eigenvalue of the field dependent mass matrix corresponding to the top quark reads
mt(h,‡) =
y1 1 3 ≠ y1y2 1 2 ‡/M5
M1M5 ≠ y1y2 (h2 + ‡2)
hÔ
2
. (2.82)
Note that the dominant contribution to the ‡gg e ective coupling requires both y1 and y2 to be
non-vanishing. In contrast, the dominant contribution to the top quark mass is proportional to y1
but independent of y2.
The ‡ ¡ gg amplitude is finally given by Eqs. (2.71), (2.80) and (2.81), with
g‡ © ghˆ(m2‡) sin “ + g‡ˆ(m2‡) cos “ .
The matrix elements modulus square for gg æ h and gg æ ‡, averaged over the polarisations of
the initial state, are then given by
|Ah|2 = –
2
Sm
4
h
64ﬁ2 g
2
h ,
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|A‡|2 = –
2
Sm
4
‡
64ﬁ2 g
2
‡ . (2.83)
In terms of those amplitudes, the cross section at the parton level can be expressed as
‡part(gg æ h) = |Ah|2 ﬁ
spart
”(spart ≠m2h)
= |Ah|2 ﬁ
·s2
”(· ≠ m
2
h
s
) , (2.84)
where as usual spart denotes the center-of-mass energy at the parton level spart = ·s. A similar
expression holds for ‡part(gg æ ‡). By convoluting the cross-section with the gluon densities G(x)
we finally obtain
‡(ppæ h) = |Ah|2 ﬁ
m2hs
◊
⁄ 1
m2h/s
dx
x
G(x) G
A
m2h
sx
B
,
‡(ppæ ‡) = |A‡|2 ﬁ
m2‡s
◊
⁄ 1
m2‡/s
dx
x
G(x) G
A
m2‡
sx
B
. (2.85)
In resume, for very heavy fermion partners the h-gluon-gluon transitions are dominated by the
top quark contribution, while they have a more significant impact on ‡-gluon-gluon transitions.
2.3.4 Higgs and ‡ decay into ““
There are no direct h““ or ‡““ couplings in our Lagrangian. They arise instead as e ective
interactions from loops of fermions and, in the case of h““, also of massive vector bosons. As in
the case of h and ‡ production via gg fusion, we distinguish between mass eigenstates h,‡ and
the unrotated (interaction ) eigenstates hˆ, ‡ˆ.
Let the scalar-photon-photon amplitudes h““ and ‡““ be defined as
Ah(‡)¡““(m2h(‡)) = i
–
ﬁ
 h(‡) (p · k gµ‹ ≠ pµk‹)”ab , (2.86)
where again  h and  ‡ are scale dependent functions. The decay amplitudes are then given by
 (hæ ““) = –
2m3h
64ﬁ3 | h|
2 ,  (‡ æ ““) = –
2m3‡
64ﬁ3 | ‡|
2 . (2.87)
In the model under study, the contributions can again be decomposed as
 h = cos “  hˆ(m2h)≠ sin “  ‡ˆ(m2h) ,
 ‡ = sin “  hˆ(m2‡) + cos “  ‡ˆ(m2‡) .
While both unrotated scalar fields hˆ and ‡ˆ couple to fermions, only hˆ couples to the W boson,
 hˆ(q2) =  Fhˆ (q
2) +  W
hˆ
(q2) ,  ‡ˆ(q2) =  F‡ˆ (q2) ,
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where the superscripts F and W stand for fermionic and gauge contributions, respectively. The
latter is akin to the SM one, that is,
 W
hˆ
(q2) = g
2v
8m2W
IW
A
4m2W
q2
B
, (2.88)
where the factor g2v results from the Higgs≠WW vertex, and the remaining part IW/8m2W results
from the kinematics of the loop integral
IW (x) = 2 + 3x+ 3x(2≠ x)f(x) , f(x) =
Y][ arcsin
2(1/Ôx) x Ø 1
≠14
Ë
log 1+
Ô
1≠x
1≠Ô1≠x ≠ iﬁ
È2
x < 1 . (2.89)
h¡ ““ transitions
At the Higgs mass scale, the SM hˆWW coupling in Eq. (2.88) is given by
 W
hˆ
(m2h) ¥
4.2
v
. (2.90)
The SM quark contributions are in turn given by
 SM,Fh = ≠6
ÿ
f
Q2f
A
yfÔ
2
B
1
mf
I
A
m2h
m2f
B
¥ ≠89
1
v
, (2.91)
where yf is the fermion Yukawa coupling, mf = yf v/
Ô
2, and the remaining factor I/mf results
from the loop integral. The last expression in Eq. (2.91) corresponds to the top contribution,
which dominates the SM fermionic contribution. The SM decay hæ ““ decay rate is as given in
Eq. (2.86) with  h =  SM,Wh + SM,Fh . In the model under consideration these expressions for the
quark contributions to the h æ ““ transitions are generalized as follows, in analogy with the gg
fusion analysis above,
 F
hˆ
(m2h) = ≠2
ÿ
f
N fCQ
2
f Ê
h
f (m2h) = ≠2
C
3
32
3
42
Êh2/3(m2h) + 3
3
≠13
42
Êh≠1/3(m2h)
D
,
 F‡ˆ (m2h) = ≠2
ÿ
f
N fCQ
2
f Ê
‡
f (m2h) = ≠2
C
3
32
3
42
Ê‡2/3(m2h) + 3
3
≠13
42
Ê‡≠1/3(m2h)
D
,
(2.92)
where N fC is the number of colors of a given quark species f , and Êhf are scale-dependent functions,
which for charge 2/3 and ≠1/3 fermions read
Êh2/3(m2h) ©
1
6
d
dh
1
log det(MT M†T )
2----- h = v
‡ = v‡
= 13v ,
Êh≠1/3(m2h) ©
1
6
d
dh
1
log det(MBM†B)≠ log(mb(h,‡)múb(h,‡))
2----- h = v
‡ = v‡
(2.93)
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= ≠23v
yÕ1y
Õ
2
M Õ1M Õ5
+O
A
v v2‡
M Õ21M Õ
2
5
B
.
For the Ê‡ functions, it holds instead
Ê‡2/3(m2h) ©
1
6
d
d‡
1
log det(MT M†T )
2----- h = v
‡ = v‡
= ≠ y23M5
 2
 3
+O
A
v‡
M25
B
,
Ê‡≠1/3(m2h) ©
1
6
d
d‡
1
log det(MBM†B)≠ log(mb(h,‡)múb(h,‡))
2----- h = v
‡ = v‡
(2.94)
= ≠23
v‡yÕ1y
Õ
2
M Õ1M Õ5
+O
A
v3‡
M Õ21M Õ
2
5
B
.
In these expressions the bottom contribution was neglected, while it has been assumed mh π mi
for the top mass and all other exotic fermion masses mi.
‡ ¡ ““ transitions
Similarly, for ‡ decaying into two photons the contributions for the unrotated field ‡ˆ are given by
 F‡ˆ (m2‡) = ≠2
ÿ
f
N fCQ
2
f Ê
‡
f (m2‡) = ≠2
C
3
32
3
42
Ê‡2/3(m2‡) + 3
3
≠13
42
Ê‡≠1/3(m2‡)
D
,
 F
hˆ
(m2‡) = ≠2
ÿ
f
N fCQ
2
f Ê
h
f (m2‡) = ≠2
C
3
32
3
42
Êh2/3(m2‡) + 3
3
≠13
42
Êh≠1/3(m2‡)
D
,
where
Ê‡2/3(m2‡) ©
1
6
d
d‡
1
log det(MT M†T )≠ log(mt(h,‡)mút (h,‡))
2----- h = v
‡ = v‡
≠ y2
M5
 2
 3
I
A
m2‡
m2t
B
= ≠ y2
M5
 2
 3
I
A
m2‡
m2t
B
≠ 23v‡
y1y2
M1M5
+O
A
v3‡
M21M
2
5
B
,
Ê‡≠1/3(m2‡) ©
1
6
d
d‡
1
log det(MBM†B)≠ log(mb(h,‡)múb(h,‡))
2----- h = v
‡ = v‡
= ≠23v‡
yÕ1y
Õ
2
M Õ1M Õ5
+O
A
v3‡
M Õ21M Õ
2
5
B
, (2.95)
while for Êh(m2‡) it results
Êh2/3(m2‡) ©
1
6
d
dh
1
log det(MT M†T )≠ log(mt(h,‡)mút (h,‡))
2----- h = v
‡ = v‡
+ 1
v
I
A
m2‡
m2t
B
= 1
v
I
A
m2‡
m2t
B
≠ 23v
y1y2
M1M5
+O
A
vv2‡
M21M
2
5
B
,
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Êh≠1/3(m2‡) ©
1
6
d
dh
1
log det(MBM†B)≠ log(mb(h,‡)múb(h,‡))
2----- h = v
‡ = v‡
= ≠23v
yÕ1y
Õ
2
M Õ1M Õ5
+O
A
vv2‡
M Õ21M Õ
2
5
B
, (2.96)
where it has been assumed that mb π mt,m‡ while m‡ π mi for all the other heavy quarks.
Finally, the physical h and ‡ decay widths into two photons are given by
 (hæ ““) = –
2m3h
64ﬁ3
---cos “ Ë W
hˆ
(m2h) +  Fhˆ (m
2
h)
È
≠ sin “  F‡ˆ (m2h)
---2 ,
 (‡ æ ““) = –
2m3‡
64ﬁ3
---sin “ Ë W
hˆ
(m2‡) +  Fhˆ (m
2
‡)
È
+ cos “  F‡ˆ (m2‡)
---2 . (2.97)
Quantitatively, ‡ æ ““ transitions are dominated by the W± loop contributions unless the scalar
mixing is small enough for the heavy partner loop contribution to be significant.
2.4 The ‡ resonance at the LHC
The constraints from electroweak precision tests explored in Sect. 2.3.2 showed that a scenario
with a light ‡ particle tends to diminish the tension with data. On the other side, from the
theoretical viewpoint the assumption of a PNGB nature for the Higgs boson within an approximate
global SO(5) symmetry mildly broken by soft terms prefers a sizeable mass for the ‡ particle, see
Fig. (2.1). The PNGB interpretation implies the existence of a non-zero mixing between ‡ and h,
specially when considering naturalness as a guideline since sin2 “ ≥ › π 1 would require a strong
fine-tuning of the theory -see the discussion after Eq. (2.12) and Eqs. (2.21), (2.22) and (2.41).
As argued in Sect. 2.1.3, the scalar potential is completely determined by the masses mh and m‡,
the constant GF , and the scalar mixing sin “. The conclusions obtained for the linear ‡ model
together with generic soft breaking terms are of general validity. The extra ingredients needed
to determine the phenomenology of the ‡ particle are its couplings to the vector-like fermions
of the theory, which introduce instead significant model-dependence and may have important
consequences particularly in the production of this scalar.
In order to estimate the LHC constraints on the model, we recast many LHC searches for scalar
resonances into the ‡ parameter space, calculating the production cross section and decays of the
‡ particle. The production of the ‡ particle at the LHC may proceed mainly via two processes,
gluon fusion and vector boson fusion (VBF). Gluon fusion usually dominates the production due
to the large gluon pdfs. Nevertheless, this conclusion is somewhat model-dependent as the heavy
fermion couplings to ‡ may a priori enhance or diminish the cross section. VBF depends essentially
on the mixing angle “, but it typically yields a lower production cross section than gluon fusion
for m‡ < O(1 TeV), for which it will have unnoticeable impact in what follows.
Consider then the cross section for ‡ production via gluon fusion ‡(gg æ ‡). To account for
higher order corrections to  (‡ æ gg), we will profit from the results in the literature for a heavy
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Figure 2.8: Present LHC (left panel) and future LHC run-2 (right panel) constraints on
sin2 “ versus ‡ mass parameter space in the case where gluon fusion is dominated by the top
loop. For the latter, a total luminosity of 3ab≠1 was assumed.
SM-like Higgs boson H Õ, using the following approximation
‡(gg æ ‡) ƒ |A(‡ æ gg)|
2
|ASM(H Õ æ gg)|2 ‡SM(gg æ H
Õ) , (2.98)
where A(‡, H Õ æ gg) refers to leading order (one loop) amplitudes and ‡SM(gg æ H Õ) is the
NNLO standard gluon fusion production cross section given in Ref. [125]. For illustrative purposes
we discuss next the LHC impact of the ‡ particle in two steps: first an “only scalars” analysis will
be considered, to add next to it the e ect of the rather model-dependent fermionic sector.
In the only scalars scenario, that is, a case in which the impact of the heavy fermions on gluon fusion
is negligible compared to the top contribution, the production amplitude can be approximated by
the top loop contribution for a heavy SM Higgs weighted down by sin “. Under this assumption, we
have recasted the LHC searches for a heavy Higgs-like particle into constraints in the {m‡, sin2 “}
plane, and the results are shown on the left panel of Fig. 2.8. The searches taken into account
here include diphoton [126,127], diboson [128–131] and dihiggs [132,133] decays. The figure shows
that LHC data are sensitive to sin2 “ ƒ 0.1 for m‡ < 600 GeV, otherwise Higgs measurements put
a bound on sin2 “ < 0.18 independently of m‡. It is worth noting that these bounds apply well
beyond the model discussed here: they are valid for any physics scenario in which the role of the
Higgs particle is substituted by a Higgs-scalar system with a generic mixing angle “, independently
of the details of the theory. In addition, by combining the LHC data with theoretically motivated
constraints as those mentioned above, interesting bounds can be derived: a PNGB nature for
the Higgs boson corresponds to the area to the right of the red curve depicted, see also Fig. 2.1,
corresponding to the minimal theoretical requirement f 2 > 0 for SO(5) to be spontaneously broken,
resulting in the bound m‡ > 500 GeV in particular from the impact of ATLAS Hheavy æ ZZ
searches. If f 2 values above the electroweak scale are instead required (black curve) m‡ > 550 GeV
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Figure 2.9: Same as fig. (2.8), but considering a sizeable contribution of the heavy fermion
sector to gluon fusion. See text for details.
follows. The future prospects for this “only scalars” scenario are depicted on the right panel of
Fig. 2.8. It shows the future LHC sensitivity in the ZZ decay channel of the 14 TeV LHC run
with an integrated luminosity of 3 ab≠1, for both ATLAS and CMS [134], as well as the mixing
disfavoured by Higgs data assuming a 5% precision on the Higgs couplings to SM particles. In the
absence of any beyond the SM signal, future LHC data together with the aforementioned theory
constraints could push the limit on the ‡ mass above 900 GeV–1.4 TeV.
The di erence between the LHC predictions of the model discussed and those stemming from
extending the SM by a generic scalar singlet (see e.g. Ref. [135]) is the underlying SO(5) structure
of the former, which prescribes a specific relation between the quartic terms in the potential as
well as specific soft breaking terms. In the generic extra singlet scenarios, the allowed parameter
space is given by the entire white area in Fig. 2.8, while a PNGB nature for the Higgs restricts
the allowed region to the area to the right of the curves depicted in the figure.
Finally, the impact of the heavy fermions of the model on the gluon fusion cross section may be
significant. Using the approximate expressions in Eqs. (2.83) and (2.85), assuming that the factor
y1y2/M1M5 in Eqs. (2.80) and (2.81) is the largest contribution between 1/(4ﬁf)2 and 1 TeV≠2
(the latter will also be assumed when f 2 < 0), the results obtained are depicted in Fig. 2.9. It
shows that the present LHC bounds on sin2 “ can be weakened by O(30 ≠ 50%) with respect to
the “only scalars” bounds in Fig. 2.8. This is due to a destructive interference between the heavy
fermions and the top loops, for the set of parameters considered. Moreover, future searches will be
much more sensitive to the heavy fermion sector as they probe smaller mixing angles, and therefore
they enter regions in parameter space where the top quark is relatively less important to the ‡
phenomenology.
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Coe cient Leading Order in f/M
ZqL
3
1 +  
2
1
M25
+  Õ
2
1
M Õ25
4
ZtR
1
1 +  
2
2
M25
+  
2
3
M21
2
ZbR
3
1 +  Õ
2
2
M Õ25
+  Õ
2
3
M Õ21
4
Table 2.2: Table with the definitions for the renormalization factors.
The 750 GeV di-photon excess
In 2015 both ATLAS [136] and CMS [137] reported the mild 750 GeV di-photon excess. Even
though it disappeared in the updated results we have analysed weather the ‡ resonance could have
been responsible for generating this excess.
It turned out to be highly unlikely because of the constraints imposed on the scalar couplings by
the approximate SO(5) symmetry of the scalar potential, as well as the uniqueness of the signal,
as explained next.
Since the decay ‡ æ ““ is loop induced, the corresponding branching ratio tends to be very small.
In order to be able to account for the excess observed, the h≠‡ mixing needs to be tiny, so that for
instance the WW and ZZ channels are suppressed and the loop-induced processes may dominate
the decay. This requires sin2 “ π (mh/m‡)2 ƒ 0.03, which Eq. (2.21) shows to require on one side
f 2 < 0 –for which the Higgs cannot be interpreted as a PNGB, and on the other a very small and
fine-tuned – value as –2 Ã —2 sin2(2“); overall a very unnatural scenario.
Furthermore, since the mixing is so small, the top loop essentially does not contribute to the
production and decay anymore. Hence, to obtain a large enough  (‡ æ ““) and  (‡ æ gg) the
fermion content needs a higher multiplicity than what is assumed in this analysis, as well as large
Yukawa couplings, since ‡ mainly couples to T1 and T5 with electric charges 2/3. Even assuming
such an extreme and extended configuration, the stability of the potential could become a very
serious issue as the fermion contribution to the beta function of the quartic couplings is negative.
Additional field content would then be possibly required to compensate for this e ect, making the
model extremely ad hoc. Therefore, we found no compelling argument to interpret the 750 GeV
excess as corresponding to the ‡ scalar studied here.
2.5 d Æ 6 Fermionic E ective Lagrangian
The linear model described is renormalizable and valid for any mass range of the fermionic and/or
scalar exotic fields. Two simplifying limits are specially interesting: i) the heavy fermion regime,
M ∫ m‡ ∫ v, where M generically represents the exotic fermionic scales Mi in Eq. (2.30); ii)
the heavy singlet regime, m‡ ∫ M ∫ v. We have concentrated on the first scenario, considering
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Operator ci Leading Order in f/M
dim 4
q¯L ÊH tR ≠yt ≠ 1y1 1 3M1M5 2Z≠1/2qL Z≠1/2tR
q¯L H bR ≠yb ≠
1
yÕ1 Õ1 Õ3
M Õ1M
Õ
5
2
Z≠1/2qL Z≠1/2bR
dim 5
‡ (q¯LÊHtR) ct‡1 ytM5 1y2 2 3 ≠ 1y1  2 3M1M5 + y2 2 3M21 2Z≠1tR 2
‡ (q¯LHbR) cb‡1 ybM Õ5
1
yÕ2
 Õ2
 Õ3
≠
1
yÕ1
 Õ2 Õ3
M Õ1M
Õ
5
+ yÕ2
 Õ2 Õ3
M Õ21
2
Z≠1bR
2
dim 6
‡2 (q¯LÊHtR) ct‡2 ≠
yt
M1M5
3
y1y2 ≠
1
y1y2
1
2  
2
2
M25
+  
2
3
M21
2
+ 3y
2
2 22+y21 23
2M1M5
2
Z≠1tR
+2  
2
2 23
M1M5
1
y21
M25
+ 2y1y2M5M1 +
y22
M21
2
Z≠2tR
4
‡2 (q¯LHbR) cb‡2
≠ ybM Õ1M Õ5
3
yÕ1y
Õ
2 ≠
1
yÕ1y
Õ
2
1
2  
Õ2
2
M Õ25
+  
Õ2
3
M Õ21
2
+ 3y
Õ2
2 Õ22+yÕ21 Õ23
2M Õ1M Õ5
2
Z≠1bR
+2 
Õ2
2 Õ23
M Õ1M
Õ
5
1
yÕ21
M Õ25
+ 2y
Õ
1y
Õ
2
M Õ5M
Õ
1
+ y
Õ2
2
M Õ21
2
Z≠2bR
4
|H|2 (q¯LÊHtR) ctH2 ≠
yt
M1M5
3
2y1y2 ≠
1
2y1y2  
2
3
M21
+ y21
 23
M1M5
2
Z≠1tR
≠
1
y1y2
 21
M25
+ y
2
1
2
 21
M1M5
2
Z≠1qL
4
|H|2 (q¯LHbR) cbH2
≠ ybM Õ1M Õ5
3
2yÕ1yÕ2 ≠
1
2yÕ1yÕ2
 Õ23
M Õ21
+ yÕ21
 Õ23
M Õ1M
Õ
5
2
Z≠1bR
≠
1
yÕ1y
Õ
2
 Õ21
M Õ25
+ y
Õ2
1
2
 Õ21
M Õ1M
Õ
5
2
Z≠1qL
4
(H†iΩæD µH)(q¯L“µqL) c(1)L 14
3
y21 21
M21M
2
5
≠ yÕ21 Õ21
M Õ21M Õ
2
5
4
Z≠1qL
(H†iΩæD iµH)(q¯L· i“µqL) c(3)L ≠14
3
y21 21
M21M
2
5
+ yÕ
2
1 Õ21
M Õ21M Õ
2
5
4
Z≠1qL
(H†iΩæD µH)(t¯R“µtR) ctR 0
(H†iΩæD µH)(b¯R“µbR) cbR 0
i(ÊH†DµH)(t¯R“µbR) ctbR 0
Table 2.3: Leading order low-energy e ective operators induced and their coe cients. Note
that the Yukawa couplings defined in the two first rows appear as well in coe cients of some
higher order operators. The renormalization factors present have been defined in Table 2.2.
Those operators made out exclusively of SM fields have been written in the Warsaw basis [88].
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a not-so-heavy extra singlet in the spectrum and its phenomenological consequences. The second
limit is instead interesting to elucidate the connection between the linear (weak) and non-linear
(strong) BSM physics scenarios: the m‡ æ Œ regime should lead to the non-linear scenarios
usually explored in the literature about composite Higgs; it will be discussed in detail in Chapter
3.
When condition i) is satisfied, some important low-energy e ects (and model dependencies) induced
by the exotic fermions are easily inferred by integrating them out. The procedure is quite lengthy;
here only the resulting mass-dimension (d) 4, 5 and 6 e ective operators and their coe cients are
summarized. For energies E < M , the e ective Lagrangian describing the d Æ 6 interactions of
fermions with gauge and scalar fields can be written as
Leff = q¯Li /D qL + t¯Ri /D tR + b¯Ri /D bR +
ÿ
i
ciOi , (2.99)
where the set {Oi} includes operators of dimension four (for which the induced coe cients are
the leading contributions to the top and bottom Yukawa couplings), five and six. We will use the
“Warsaw basis” [88] below.
In most models (for instance in composite Higgs ones) it is reasonable to assume that the goldstone
boson scale f and the scalar vevs all satisfy f , v , v‡ π M . In what follows we will thus assume
f/M π 1 for simplicity, while   ¥M will be considered with   denoting generically the composite
 i scales in Eq. (2.30). The light field kinetic energies get contributions which require wave function
renormalization in order to recover canonically normalized kinetic energies,
qL æ Z≠1/2qL qL , (2.100)
qR æ
AZ≠1/2tR 0
0 Z≠1/2bR
BA
tR
bR
B
, (2.101)
where Z≠1/2tR and Z≠1/2bR are given in Table 2.2. The operators obtained and their coe cients
resulting after those redefinitions, at leading order in f/M , are shown in Table 2.3, where the
following definitions have been used,
(H†iΩæD µH) © i
1
H†(≠æDµH)≠ (H†Ω≠Dµ)H
2
,
(H†iΩæD iµH) © i
1
H†· i(≠æDµH)≠ (H†Ω≠Dµ)· iH
2
.
In writing Eq. (2.99) and Table 2.3 the unshifted scalar fields have been assumed. This fact
introduces a potential subtlety that we discuss next. Consider for instance the top and bottom
quark masses corresponding to the first two operators in the table, which are their respective
Yukawa couplings: when the Higgs gets a vev, mass terms for the light quarks are generated.
Additional contributions to the light quark masses stem however from the next six operators in
the list, for ‡ = È‡Í and H = ÈHÍ. The corrections induced in the top and bottom mass are
of higher order in f/M , though, and do not need to be retained when working at leading order.
Finally,
mt =
vÔ
2
A
y1 1 3
M1M5
B
1Ú1
1 +  
2
1
M25
+  Õ
2
1
M Õ25
2 1
1 +  
2
2
M25
+  
2
3
M21
2
A
1 +O
A
f
M
BB
,
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mb =
vÔ
2
A
yÕ1 Õ1 Õ3
M Õ1M Õ5
B
1Ú1
1 +  
2
1
M25
+  Õ
2
1
M Õ25
2 1
1 +  Õ
2
2
M Õ25
+  Õ
2
3
M Õ21
2
A
1 +O
A
f
M
BB
.
The same reasoning applies to other couplings. For example the fermion-‡ coupling via the Ot‡1 op-
erator [88] would get corrections proportional to ct‡2È‡Í –see Table (2.3)– which are of higher order
in the f/M expansion, and can thus be disregarded when restraining to the leading contributions.
75
3The linear-non-linear frontier for the
Goldstone Higgs
A complete renormalizable model of Goldstone Higgs was constructed in Chapter 2. Its scalar part
is a linear sigma model including a new singlet scalar ‡. The procedure and first steps to obtain
the non-linear e ective Lagrangian were developed. In particular we have derived the leading order
low-energy e ective operators composed of the SM fields and scalar ‡. In this section we explore
the divide between linear and non-linear regimes by varying the mass of the extra scalar: a light ‡
particle corresponds to a weakly coupled regime, while in the high mass limit the theory will fall
back onto the e ective non-linear construction.
The e ective low-energy e ective Lagrangian in a general case contains a large number of couplings.
For the generic SO(5)/SO(4) construction, a very reduced subset of those couplings, constituting
a complete basis of bosonic operators, was established in Ref. [70]. Here we will focus on the
particular case of the minimal SO(5) sigma model, leading to an even more reduced subset of
operators –the benchmark low-energy e ective Lagrangian. We consider here both bosonic and
fermionic operators. The leading linear corrections and the leading dependence on the explicit
SO(5)-breaking mechanism will be determined as well.
While the bosonic couplings are general, the fermionic part may instead be quite model-dependent.
We will address the problem in two approaches:
• A rather model independent one in which the field content of the SM is augmented exclusively
by a singlet scalar within the minimal SO(5) setup, while the leading phenomenological
impact of heavy fermions is encoded in an e ective Yukawa coupling of the SM fields that we
will define. This e ective operator will serve to parametrise and disentangle among di erent
choices of BSM fermion embeddings.
• In a second step, we consider the heavy fermion representations of the complete model
described in the previous chapter. This sector will be integrated out explicitly.
By furthermore keeping track of the linear and heavy-fermion corrections, the analysis will provide
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Figure 3.1: Schematic fermion mass operator at low scales with arbitrary insertions of the
scalar fields.
candles to identify whether a renormalizable ultraviolet completion exists in nature or alternatively
an underlying composite mechanism is at work at high-energy, analogous to QCD for the chiral
dynamics involving pions.
3.1 Model independent analysis
The scalar sector has been fully defined in the previous chapter by Eqs. (2.3, 2.8) and remains
universal.
Consider now the fermion sector. A generic feature is that the phenomenological constraints on
partial compositeness require additional vector-like fermions, which couple and act as mediators
among the SM fields. The exact form of the e ective coupling is model-dependent and varies
according to how the SM fermions are embedded in SO(5). We will obviate until Sect. 3.2 the
details of the heavy fermion spectrum, and use instead in this section a simplified –e ective–
approach to the dominant fermion-induced e ects.
The fermionic part of the Lagrangian in Eq. (2.1) will be written as the sum of two terms,
Lf = Lkinf,SM + LYukf , (3.1)
where Lkinf,SM comprises the kinetic terms for only SM fermions.
The schematic e ective Yukawa coupling in the presence of the ‡ particle is presented in figure 3.1.
It follows that at low energies it is possible to write an e ective Yukawa Lagrangian in terms of
only the SM fermions, plus h and ‡, which respects electroweak gauge invariance but not SO(5)
invariance,
LYukf © y0f O(n,m)Yuk,f + · · ·+ h.c. , (3.2)
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Fermion representation (qL-qR) Yukawa interactions y0fO(n,m)Yuk
5-1, 5-10, 10-5 yO(0,0)Yuk
5-5, 10-10, 14-10, 10-14, 14-1 yO(1,0)Yuk
14-14 3yO(1,0)Yuk ≠ 2yÕO(1,1)Yuk + 8yÕO(3,0)Yuk
14-5 yO(0,0)Yuk + yÕO(2,0)Yuk
5-14 yO(0,0)Yuk + yÕO(0,1)Yuk ≠ 4yÕO(2,0)Yuk
Table 3.1: Yukawa operators corresponding to particular embeddings (see e.g. Ref [16]) of a
SM quark doublet qL and right-handed qR fermion (either up-type or down-type right-handed
quark) into SO(5). The coe cients y, yÕ refer to distinct possible relative weights of SO(5)
invariant operators allowed by the models
where the constant y0f is a model-dependent coe cient 1 and we define the e ective Yukawa
operator for a given fermion f as
O(n,m)Yuk,f © q¯LÊH fR
A
‡
f
Bn A2H†H
f 2
Bm
. (3.3)
The ellipses in Eq. (3.2) refer to other SM fermion operators and possibly extra model-dependent
terms coming from the heavy fermion sector.
In the literature of composite Higgs models the notation MCHMA≠B≠C is often used to indicate
their fermion composition, with A,B,C indicating the SO(5) representation in which the SM
doublet qL, up-type right-handed and down-type right-handed fermions are embedded, respec-
tively; else, when only one subindex appears as in MCHMA it is understood to be of the type
MCHMA≠A≠A. Table 3.1 summarizes the {n,m} parameter values for di erent models. We do not
take into account the models with spinorial SO(5) embeddings [9] as they are phenomenologically
excluded [10].
Eq. (3.3) assumes that a given fermion mass corresponds to a single set of {n,m} values. This is
often the case; for instance, the top and bottom Yukawa couplings in the MCHM5≠1≠1 model of
the previous chapter correspond to O(0,0)Yuk , while in the MCHM5 scenario they both correspond to
O(1,0)Yuk (see e.g. Ref. [69]). Notice that, for these cases with a single Yukawa operator, the global
coe cients and suppression scales in Eqs. (3.2)-(3.3) are constrained by the fermion masses and
therefore do not constitute any additional model dependence.
Nevertheless, in some scenarios a given fermion mass results instead from combining several op-
erators of the type in Eq. (3.3) with di erent {n,m} values. The procedure derived can be easily
1The superscript 0 indicates that y0f only encodes the leading contributions induced by the heavy fermionic
sector.
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extended to encompass it. A model-dependence remains then in the relative size of the y and yÕ
weights in Table 3.1. An example is the MCHM14≠14≠10 scenario [16] in which di erent sets of
{n,m} values are involved in generating the top mass, while the bottom mass only requires set
{n,m} = {1, 0}. The cases of single and of multiple Yukawa operators contributing to a given mass
will be further considered explicitly below. We focus in what follows on the top Yukawa coupling
unless otherwise explicitly stated, while the conclusions to be obtained are easily generalized to
all light fermions.
3.1.1 Polar coordinates
Armed with the tools described, it is quite straightforward to derive the benchmark bosonic La-
grangian as well as the leading couplings involving fermions. To this aim, it is convenient to rewrite
the scalar degrees of freedom in polar coordinates,
‡ © ﬂ cÏ , (3.4)
H © 1Ô
2
ﬂ U sÏ , (3.5)
with cÏ © cosÏ/f , sÏ © sinÏ/f , and U(x) © exp{iﬁ(x)·/f} as usual being the Goldstone matrix
corresponding to the longitudinal components of the electroweak gauge bosons. This notation
di ers from the one used before, as the f scale instead of v divides the field ﬁ. In order to obtain
the usual v scale suppression and the canonical kinetic term for the would-be-Goldstones after
the EWSB the ﬁ field has to be rescaled by f/v. Having this in mind, we will keep the f scale
suppression in what is following for simplicity. In this notation the scalar Lagrangian in Eq. (2.3)
with the potential defined in Eq. (2.8) reads
Ls = 12ˆµﬂ ˆ
µﬂ+ ﬂ
2
2f 2
C
ˆµÏˆ
µÏ≠ f
2
2 s
2
Ï ÈVµVµÍ
D
≠ ⁄(ﬂ2 ≠ f 2)2 ≠ –f 3ﬂ cÏ + —f 2ﬂ2s2Ï. (3.6)
The e ective top Yukawa operator in Eqs. (3.2) and (3.3) is then given by
y0t O(n,m)Yuk,t =
y0tÔ
2
(q¯LUP+qR)ﬂ
A
ﬂ
f
Bn+2m
cnÏs
2m+1
Ï , (3.7)
where the right-handed SM fermions have been gathered in a formal doublet qR © (tR, bR), with
P+ © diag(1, 0) (P≠ = diag(0, 1)) being a projector onto the up-type (down-type) right-handed
SM fermions.
The ﬂ and Ï fields will develop vevs,
ﬂæ ﬂ+ ÈﬂÍ , Ïæ h+ ÈÏÍ , (3.8)
where at the minimum of the potential the Ï field corresponds to
cos
AÈÏÍ
f
B
= ≠ –2—
A
1 + —2⁄
B≠1/2
. (3.9)
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The connection between the vevs of the fields in the linear and polar parametrisations is
ÈﬂÍ =
Ò
È‡Í2 + 2 ÈHÍ2, ÈÏÍ = f tan≠1
AÔ
2 ÈHÍ
È‡Í
B
. (3.10)
The scalar resonance, which in the linear parametrisation is customarily denoted ‡, is traded by
ﬂ in the polar parametrisation, with mﬂ = m‡ exactly as expected for a physical observable, while
the Higgs resonance h corresponds now to the excitation of the Ï field, see Eq. 3.8.
Finally, as the pure gauge Lagrangian Lg and the weak coupling to fermions are not modified, the
coe cient of the Wµ mass term in Eq. (3.6) allows to identify the electroweak scale v in terms of
the Lagrangian parameters:
v2 = ÈﬂÍ2 sin2
AÈÏÍ
f
B
. (3.11)
3.1.2 Expansion in 1/⁄
The scalar quartic coupling ⁄ can be conventionally traded by the ﬂ mass, given by m2ﬂ ƒ 8⁄f 2
for negligible – and —, the non-linear model would be recovered in the limit mﬂ ∫ f , that
is ⁄ æ Œ. Varying the ﬂ mass (that is, ⁄) allows to switch from the regime of perturbative
ultraviolet completion to the non-linear one assumed in models in which the Higgs particle is a
low-energy remnant of some strong dynamics. We will explore this limit next.
The exact equation of motion for ﬂ reads
⇤ﬂ≠ ﬂ
f 2
C
ˆµÏˆ
µÏ≠ f
2
2 s
2
Ï ÈVµVµÍ
D
+ 4⁄ﬂ(ﬂ2 ≠ f 2) + –f 3cÏ ≠ 2—ﬂf 2s2Ï
+ (n+ 2m+ 1)
A
y0tÔ
2
q¯LUP+qR + h.c.
B
cnÏs
2m+1
Ï
A
ﬂ
f
Bn+2m
= 0, (3.12)
where ⇤ © ˆµ ˆµ. In a 1/⁄ expansion, the ﬂ field can be expressed as
ﬂ © ﬂ0 + ﬂ1/⁄+ ﬂ2/⁄2 + . . .
where the leading terms are given by
ﬂ0 = f, (3.13)
ﬂ1 =
f
4
5 1
2f 4ˆµÏˆ
µÏ≠ 14f 2 ÈVµV
µÍ s2Ï ≠
1
2–cÏ + —s
2
Ï
≠ (n+ 2m+ 1)2f 3
A
y0tÔ
2
q¯LUP+qR + h.c.
B
cnÏs
2m+1
Ï
6
, (3.14)
and subsequent ones can be written as polynomial functions of ﬂ1. Substituting these in Eq. (3.6)
yields the 1/⁄n Lagrangian corrections,
L = L0 + L1/⁄+ L2/⁄2 + . . . , (3.15)
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where the di erent terms in this equation are given by
L0 = 12ˆµÏˆ
µÏ≠ f
2
4 ÈVµV
µÍ s2Ï ≠ –f 4cÏ + —f 4s2Ï ≠ f
y0tÔ
2
q¯LUP+qRcnÏs2m+1Ï , (3.16)
L1 = 4f 2ﬂ21, (3.17)
L2 = 12
Y][(ˆµﬂ1)2 +
C
–f 2cÏ (3.18)
+
1
1≠ (n+2m)2
2 1
f
A
y0tÔ
2
q¯LUP+qR + h.c.
B
cnÏs
2m+1
Ï )
D
ﬂ21
Z^
\ .
L0 coincides with the leading-order Lagrangian for the scalar sector of the minimal composite
Higgs model [9], as expected. The expressions obtained for L1 and L2 are remarkably compact
and a similar pattern holds for higher orders in 1/⁄.
The maximum number of derivatives of Ln is 2 + 2n, although not all 2 + 2n derivative operators
are generated at order n. This is as foreseen, as for large ⁄ the non-linear regime is approached
and ordering the operators by their 1/⁄ dependence does not coincide with the ordering given by
mass dimensions. The ordering in which the operators appear is akin to the power counting of
non-linear Higgs e ective theory [58,100–102].
Eqs. (3.14) and (3.17) suggest interesting correlations between operators involving the Higgs boson,
gauge bosons and fermions. In particular, operators such as (ˆµh)2Â¯Â or ÈVµVµÍÂ¯Â, where Â
denotes a generic fermion, are weighted by the fermion mass and also bear a dependence on the
SM embedding into SO(5), parametrised by the set {n,m} in Eq. (3.7). From those equations
emerges the low-energy e ective Lagrangian in terms of SM fields at a given order in 1/⁄,
Le  = Lg + Lkinf,SM +
ÿ
i
PiFi(Ï), (3.19)
where the first two terms in the right-hand side contain respectively the kinetic terms for gauge
bosons and fermions and the index i runs over all operator labels and coe cient functions Fi(Ï) in
Table 3.2. The table collects all couplings corresponding to two and four “derivatives", where plain
derivatives and gauge boson insertions are counted with equal weight, as they come together in the
covariant derivative. The notation/basis for the purely bosonic operators was chosen according
to Ref. [70] to facilitate the comparison with a model-independent approach. From this tree-level
analysis we draw the following conclusions:
• Up to first order in the linear corrections, the benchmark e ective Lagrangian is determined
to be composed of ten operators, five of them bosonic and the rest fermionic 2 including
that responsible for Yukawa couplings. The coe cients of those operators are not free but
intimately correlated by the coe cient functions explicitly determined here, and shown in
the Table 3.2.
2For fermionic operators only the generic Lorentz and flavor structure are explicited, being trivial their decom-
position in terms of di erent flavors.
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• Among the couplings which first appear at O(1/⁄), three bosonic operators are singled out
in the SO(5)-invariant limit (– = — = 0, massless SM fermions): P6, P20 and PDH . The two
latter ones involve multiple Higgs insertions and are out of present experimental reach while
the strength of P6, which involves vertices with four gauge bosons, is already tested directly
by data, although the present sensitivity is very weak [138,139].3
• Operators involving SM fermions have an implicit dependence on the symmetry-breaking
terms in the Lagrangian – they are weighted by the fermion masses in a pattern alike to that
of the Minimal Flavour Violation setup [140–142]. Most interestingly, the corresponding
Fi(Ï) coe cients, written as a function of the {n,m} parameters, allow to di erentiate the
expected impact of di erent fermionic ultraviolet completions in the literature.
• All operators derived from Eqs. (3.16)-(3.18) are at most four-derivative ones, and they are
all shown in table 3.2, including the only one appearing at O(1/⁄3).
• The gauge field dependence is present only through powers of ÈVµVµÍ, consistent with its
exclusively scalar covariant derivative origin, see Eq. (3.6). Other Lorentz contractions such
as ÈVµVµÍ2 would be loop-induced, and thus expected to be subleading.
• The scalar functions Fi(Ï) obtained as operator weights of bosonic couplings are in agreement
with those derived in Ref. [70] in the SO(5) invariant limit, for the subset of operators
identified here as benchmarks, see their Eqs. (2.5)-(2.8). Table 3.2 provides in addition the
leading deviations due to the presence of explicit SO(5)-breaking parameters – and —.
3.1.3 Impact on Higgs observables
Bosonic sector
From Eqs. (3.16) and (3.17), the potential at order 1/⁄ reads
V
f 4
= –cÏ ≠ —s2Ï ≠
1
16⁄
1
–cÏ ≠ 2—s2Ï
22
+O
3 1
⁄2
4
, (3.20)
with minimum at cos
1 ÈÏÍ
f
2
ƒ ≠ –2—
1
1≠ —4⁄
2
, see Eq. (3.9). The kinetic energy of the physical Higgs
excitation h (see Eq. (3.8)) gets then a correction given by
1
2
A
1 + —2⁄
B
ˆµh ˆ
µh , (3.21)
which is reabsorbed by a field redefinition
hæ (1 + Zh)h , with Zh = ≠ —4⁄ . (3.22)
3These bounds can be translated for instance in mﬂ & 70 GeV for f ¥ 600 GeV.
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Operator Fk(Ï) 1/⁄n
PH 12(ˆµh)
2 1≠ 14⁄(–cos
hˆ
f ≠ 2—sin2 hˆf ) 0
PC ≠v
2
4 ÈVµV
µÍ 1
›
5
1≠ 14⁄
1
–cos hˆf ≠ 2—sin2 hˆf
26
s2Ï 0
PYuk v q¯iLUP±qiR + h.c. ≠ y
0
iÔ
2 › c
n
Ïs
2m+1
Ï
3
1≠ n+2m+18⁄ (–cÏ ≠ 2—s
2
Ï)
4
0
PDH 1
v4
(ˆµh)4
›2
16⁄ 1
P6 ÈVµVµÍ2
s4Ï
64⁄ 1
P20 1
v2
ÈVµVµÍ(ˆ‹h)2 ≠ ›16⁄s
2
Ï 1
PqH 1
v3
(ˆµh)2q¯iLUP±qiR + h.c. ≠ y
0
iÔ
2
›3/2
3
n+2m+1
8⁄
4
cnÏs
2m+1
Ï 1
PqV 1
v
ÈVµVµÍq¯iLUP±qiR + h.c. y
0
iÔ
2
Ô
›
3
n+2m+1
16⁄
4
cnÏs
2m+3
Ï 1
P4q 1
v2
(q¯iLUP±qiR)(q¯jLUP±qjR) + h.c. (2≠ ”ij)y0i y0j ›
(n+2m+1)2
32⁄ c
2n
Ï s
4m+2
Ï 1
P4qÕ 1v2 (q¯iLUP±qiR)(q¯jRP±U
†qjL) + h.c. (2≠ ”ij)y0i y0j ›
(n+2m+1)2
32⁄ c
2n
Ï s
4m+2
Ï 1
P7 1
v
ÈVµVµÍ(⇤h)
Ô
›
5 1
128⁄2
1
–+ 4—cos hˆf
2
s3Ï
6
2
P H 1v3 (ˆµh)
2(⇤h) ≠›3/2
5 1
64f3⁄2
1
–+ 4—cos hˆf
2
sin hˆf
6
2
P⇤H 1
v2
(⇤h)2 O
3 1
⁄3
4
3
Table 3.2: E ective operators before electroweak symmetry breaking, including two and
four derivative couplings, together with their coe cients up to their first corrections in the
1/⁄ expansion. The bosonic contributions from SO(5) breaking contributions (– ”= 0 and/or
— ”= 0) are also shown. The right-hand column indicates the order in 1/⁄ at which a given
couplings first appears. The Higgs field h is defined as the excitation of the field Ï, see
Eq. (3.8).
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The scalar sector depends on four independent parameters explicitated in Eq. (2.19), with the
only di erence that the mass of the heavy scalar is labelled mﬂ.
In the non-linear limit ⁄æŒ the ﬂ field decouples from the spectrum and the scalar sector would
depend on just three renormalized parameters. It is now possible to foresee the impact of the
linear corrections in terms of mass dependence. Precisely because the large ⁄ and mﬂ limits are in
correspondence, dimensional arguments suggest the equivalence
1
⁄
∆ m
2
h
m2ﬂ
ƒ —›4⁄ , (3.23)
as the expansion parameter, as it follows from the expressions for the scalar masses in the small
explicit breaking limit Eq. (2.17). In other words, the linear corrections are expected to be pro-
portional to the two small parameters — and › and thus doubly suppressed.
The modification of the Higgs – gauge boson coupling can be parametrised by ŸV and can be
extracted for instance from the expression for Higgs to WW decay width as
 (hæ WW ú) ©  SM(hæ WW ú)Ÿ2V .
A generic expectation is the departure of ŸV from 1. Indeed, the coupling between the Higgs and
the gauge bosons which stems from the Lagrangian Eqs. (3.15)-(3.18) at order 1/⁄ is that encoded
in the operator PC in Table 3.2 and reads
LhV V = ≠
A
1
2
Ò
1≠ › + —8⁄
(2≠ ›)›Ô
1≠ ›
B
ÈVµV µÍ vh , (3.24)
or in other words
ŸV =
Ò
1≠ › + —›2⁄
(1≠ ›/2)Ô
1≠ › . (3.25)
Assuming for illustrative purposes O(›) ≥ O(1/⁄) and expanding up to second order in these
parameters, the result simplifies to
ŸV ƒ
Ò
1≠ › + —›2⁄ . (3.26)
The first term on the right-hand side of this equation is the well-known correction present in
non-linear scenarios [9], while the second term encodes the linear correction linked to the scale of
ultraviolet completion, which in terms of physical parameters we predict to be given by
Ÿ2V ƒ 1≠ › + 4
m2h
m2ﬂ
, (3.27)
where Eq. (3.23) has been used. Higher order corrections are expected to be very small, as they will
stem from operators with at least 4 derivatives. For instance, the first extra tree-level contribution
to ŸV is the 1/⁄2 weight of the operator P7 in Table 3.2,
”Ÿ2V ƒ
1
2
Ô
2GF
m2h
m4ﬂ
.
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Fermionic sector
Consider first the case in which the fermion mass is generated by a single Yukawa operator O(n,m)Yuk,f ,
see Eqs. (3.2) and (3.3). From the Lagrangian in Eqs. (3.15)-(3.18), and more specifically from the
Yukawa operator in the third line of Table 3.2, an expression for the fermion mass follows after
applying Eqs. (3.8) and Eq. (3.22),
LYukf ∏ ≠mf f¯LfR + h.c. , mf ƒ
y0fÔ
2
f
Ò
› (1≠ ›)n/2›m
A
1 + n 1
›(1≠ ›)
m2h
m2ﬂ
B
. (3.28)
The renormalization scheme is now enlarged to the fermion sector choosing as observable precisely
the fermion masses. The prediction that follows for the Higgs coupling to a given fermion f,
Lh  © ≠gh  h f¯LfR + h.c. , (3.29)
takes then the form
gh  ƒ y
0
fÔ
2
(1≠ ›)n≠12 ›m
;
(1 + 2m)(1≠ ›)≠ n› + —
›(1≠ ›)
m2h
m2ﬂ
◊ (3.30)
◊
Ë
(1 + 2m+ n)›(1≠ ›)(2≠ ›) + n (1 + 2m(1≠ ›)≠ n›)
È<
.
Encoding the deviations with respect to the SM expectations through the conventional Ÿf param-
eter,
Ÿf © gh /gSMh  , (3.31)
where gSMh  = mf/v, the exact and somewhat lengthy expression for Ÿf up to order 1/⁄ follows.
The latter can be simply recast assuming again O(›) ≥ O(1/⁄), leading to
Ÿf ƒ (1 + 2m)(1≠ ›)≠ n›Ô1≠ › + (2 + 4m+ 3n)
m2h
m2ﬂ
, (3.32)
where once again Eq. (3.23) has been used. It is straightforward to check that the first term
on the right-hand side of this equation reproduces well-known Ÿf results for di erent models in
the literature, which assume a non-linear realization. The second term gives instead the leading
linear corrections. For instance, this equation leads to the following results for the MCHM5≠1≠1
(corresponding to n = m = 0 in our parametrisation) and MCHM5 (corresponding to n = 1,
m = 0):
ŸMCHM5≠1≠1f ƒ
Ò
1≠ › + 2m
2
h
m2ﬂ
, ŸMCHM5f ƒ
1≠ 2›Ô
1≠ › + 5
m2h
m2ﬂ
. (3.33)
obtaining again at order 1/⁄ a correction doubly suppressed as proportional to both — and ›, see
Eq. (3.23).
Consider next the case in which a given fermion mass corresponds to the combination of several
SO(5) invariant Yukawa operators, instead of just one as developed above,
LYukf = ≠ c(n,m)O(n,m)Yuk,f + · · ·+ h.c., (3.34)
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where c(n,m) are related to the generators of SO(5) and the fermion embedding in a given model.
The procedure is still quite straightforward. The fermion mass will be a sum of contributions
similar to that in Eq. (3.28) weighted by the coe cients c(n,m), and a similar combination protocol
will apply to the obtention of the fermion-Higgs coupling gh  and Ÿf . As an example, consider the
MCHM14≠14≠10 scenario [16], in which the third family quark doublet and the right-handed top
are embedded each in a 14-plet of SO(5), denoted QL and UR respectively, while the right-handed
bottom is included in a 10-plet representation denoted DR. Two SO(5) invariant operators [16]
contribute in this case to the top quark mass,
yu„
†Q¯LUR„≠ y˜u(„†Q¯L„)(„†UR„)æ 3yuO(1,0)Yuk ≠ y˜u
1
2O(1,1)Yuk ≠ 8O(3,0)Yuk
2
, (3.35)
leading to
ŸMCHM14≠14≠10t ƒ yu(3≠ 6›) + 2y˜u(4≠ 23› + 20›
2)Ô
1≠ › (3yu + 2y˜u(4≠ 5›)) +
15y2u + 32y˜u(8y˜u ≠ 3yu)
(8y˜u ≠ 3yu)2
3m2h
m2ﬂ
. (3.36)
In contrast, in this same scenario only one e ective Yukawa operator contributes to the bottom
quark mass,
yd„
†Q¯LDR„æ ydO(1,0)Yuk , (3.37)
and consequently
ŸMCHM14≠14≠10b ƒ
1≠ 2›Ô
1≠ › +
5—›
4⁄ ƒ
1≠ 2›Ô
1≠ › +
5m2h
m2ﬂ
. (3.38)
All O(1/⁄) corrections considered above show again the double suppression in › and —, which after
Eq. (3.23) is tantamount to a m2h/m2ﬂ suppression factor, as expected.
3.2 Explicit fermion sector
In the previous section, the infinite mass limit for the heavy fermion sector was assumed from the
start, while the corrections due to the heavy scalar singlets were explored. In this section we start
instead of a complete (bosons plus fermions) renormalizable model, so as to estimate the impact of
a fermionic ultraviolet completion beyond that related to the Yukawa couplings discussed earlier.
The low-energy e ective Lagrangian made out of SM fields will be then explicitly determined up
to the leading corrections stemming from the heavy scalar and fermion sectors: respectively up to
O(1/⁄) ≥ O(m2h/m2ﬂ) and O(f/Mi), where Mi denotes generically the heavy fermion masses.
The fermionic Lagrangian Lf needs to be redefined,
Lf = Lkinf + LYukf , (3.39)
where Lkinf contains now kinetic terms for all fermions, light and heavy, and the fermion mass
Lagrangian denoted by LYukf needs to be specified for a particular ultraviolet fermion completion.
The model developed in Chapter 2 will be analyzed as illustration.
The heavy fermion content is given in Eq. (2.30) and LYukf reads
LYukf =≠
5
y1
1
X¯LHT
(1)
R + Q¯LÊHT (1)R + T¯ (5)L ‡T (1)R 2 (3.40)
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+ y2
1
T¯ (1)L H
†XR + T¯ (1)L ÊH†QR + T¯ (1)L ‡T (5)R 2
+ yÕ1
1
X¯ ÕLÊHB(1)R + Q¯ÕLHB(1)R + B¯(5)L ‡B(1)R 2
+ yÕ2
1
B¯(1)L
ÊH†X ÕR + B¯(1)L H†QÕR + B¯(1)L ‡B(5)R 2
+  1q¯LQR +  Õ1q¯LQÕR +  2T¯
(5)
L tR +  3T¯
(1)
L tR +  Õ2B¯
(5)
L bR +  Õ3B¯
(1)
L bR + h.c.
6
.
In Sec. 2.5 we had first integrated out the heavy fermions of this Lagrangian, determining then the
e ective Lagrangian made out of SM fields plus the singlet scalar present in the minimal SO(5)
sigma model. Here we reverse the order of integration of the heavy fields, taking first the limit
of heavy ﬂ and then that of heavy BSM fermions. We have explicitly checked that the final low-
energy e ective Lagrangian made out only of SM fields is independent of the order in which those
limits are taken.
Using polar coordinates and integrating out the radial mode ﬂ does not bring any novel com-
plication with respect to the procedure carried out in the previous section, except for lengthier
expressions. Nevertheless, LYukF can be compactly written prior to any integration procedure as
LYukF = ≠
5
ﬂ
1
sÏOFs + cÏOFc
2
+  1q¯LQR +  Õ1q¯LQÕR
+  2T¯ (5)L tR +  3T¯
(1)
L tR +  Õ2B¯
(5)
L bR +  Õ3B¯
(1)
L bR + h.c.
6
, (3.41)
where OFs and OFc are heavy fermion bilinears corresponding to the first four lines in Eq. (3.40):
OFs © ≠
1Ô
2
5
y1
1
X¯LUe≠T
(1)
R + Q¯LUe+T
(1)
R
2
+ y2
1
T¯ (1)L Ue≠XR + T¯
(1)
L Ue+QR
2
+ yÕ1
1
X¯ ÕLUe+B
(1)
R + Q¯ÕLUe≠B
(1)
R
2
+ yÕ2
1
B¯(1)L Ue+X
Õ
R + B¯
(1)
L Ue≠Q
Õ
R
2 6
, (3.42)
OFc © ≠
1Ô
2
5
y1T¯
(5)
L T
(1)
R + y2T¯
(1)
L T
(5)
R + yÕ1B¯
(5)
L B
(1)
R + yÕ2B¯
(1)
L B
(5)
R
6
, (3.43)
where e+ = (1, 0) and e≠ = (0, 1).
Consider next the limit of very large scalar mass mﬂ (that is ⁄ æ Œ) and very heavy fermions.
Implementing first the 1/⁄ corrections, the e ective Lagrangian at this order takes exactly the
form in Eq. (3.17), although ﬂ1 shows now an explicit dependence on the heavy fermion spectrum,
ﬂ1 =
f
4
C
1
2f 4ˆµÏˆ
µÏ≠ 14f 2 ÈVµV
µÍ s2Ï ≠
1
2–cÏ + —s
2
Ï ≠
I
1
2f 3O
F
c cÏ +
1
2f 3O
F
s sÏ + h.c.
JD
,
instead of the e ective dependence in Eq. (3.14). New operators beyond those previously considered
appear, such as
≠ 18⁄f 3ˆµÏˆ
µÏ
1
OFc cÏ +OFs sÏ
2
, (3.44)
1
16⁄f ÈVµV
µÍ s2Ï
1
OFc cÏ +OFs sÏ
2
, (3.45)
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Operator Fi(Ï) 1/⁄n
PYuk v(q¯iLUP±qiR) ≠ y
0
tÔ
2› sÏ
5
1≠ 18⁄(–cÏ ≠ 2—s
2
Ï)≠ 2
f
Mia
i
‡1cÏ
6
0
Pqh (ˆµh)2 (q¯iLUP±qiR) ≠ y
0
i
8
Ô
2⁄f3
sin hˆf
3
1≠ 2 fMia
i
‡1cos
hˆ
f
4
1
PqV ÈVµVµÍ(q¯iLUP±qiR) y
0
i
16
Ô
2⁄f
sin hˆf
3
1≠ 2 fMia
i
‡1cos
hˆ
f
4
1
P4q (q¯iLUP±qiR) (q¯jLUP±qjR) (2≠ ”ij)
y0i y
0
j
32⁄f2 sin
hˆ
f
2
C
1≠ 2
A
ai‡1
f
Mi + a
j
‡1
f
Mj
B
cos hˆf
D
1
P4qÕ (q¯iLUP±qiR)
1
q¯jRP±U †qjL
2
(2≠ ”ij)
y0i y
0
j
32⁄f2 sin
hˆ
f
2
C
1≠ 2
A
ai‡1
f
Mi + a
j
‡1
f
Mj
B
cos hˆf
D
1
Table 3.3: E ective operators, up to order f/Mi and 1/⁄, after integrating out the radial
mode ﬂ and the heavy fermions in a UV realisation of partial compositeness. The Hermitian
conjugate should be included for all operators here. The Higgs field h is defined as the
excitation of the field Ï, see Eq. (3.8).
1
16⁄f 2
1
OFc cÏ +OFs sÏ
22
. (3.46)
They are higher-order operators made out of both SM and heavy BSM fermions and related to the
explicit fermionic ultraviolet completion. Furthermore, it is again easy to verify that the counting
rule matches the NDA rule [58,102] by identifying ⁄f ≥  .
Consider next the integration of the heavy fermion sector in the results just obtained. To estimate
the corrections, we adopt here a universal heavy fermion mass scale Mi associated with the mass
generation mechanism of a given SM fermion, so that M1 ≥ M5 ≥  1 ≥ · · · ≥ Mt. Assuming
this scale to be larger than f , f/Mi is a good expansion parameter. The final set of five e ective
operators resulting up to first order in the 1/⁄ and f/Mi expansions is shown in Table 3.3, where
the ai‡1 operator coe cients weighting the f/Mi corrections are expected to beO(1). 4 Noteworthy
consequences include:
• At tree level, the heavy fermions have no impact on the gauge-Higgs coupling and ŸV is
still given by Eq. (3.25). The coupling to top quarks, on the contrary, will receive fermionic
contributions from the first operator in Table 3.3,
Ÿt =
Ò
1≠ › + 2 m
2
h
m2ﬂ
+ at‡1
f
Mt › + . . . (3.47)
Again, a double suppression acts on the leading heavy fermion corrections ≥ ›f/Mt, alike
to the case for the bosonic ones in ≥ —›/(2⁄). It is important to note, though, that the tree-
level fermionic contributions found may be larger than those induced by the scalar sector
4The ai‡1 coe cients are a redefinition of the ci‡ operator coe cients used before in Chapter 2, so as to extract
explicitly the f/Mi dependence: ci‡1 æ y0t at‡1/Mt; the exact expressions for ci‡ can be found in Tab. 2.3.
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if f/Mt > —/⁄; this may occur specially for the top quark since the top partners, with
characteristic mass scale Mt, should be light enough in order not to generate a hierarchy
problem.
• On top of the above, higher order e ective operators involving SM fields are singled out at low
scales: the dominant ones are the last three presented in Table 3.3. For these operators, the
inclusion of an explicit heavy fermion sector does not change much the conclusions obtained
previously by using an e ective Yukawa coupling as defined in Eq. (3.3).
• In the limit f/Mi æ 0, the operators in Table 3.3 coincide as expected with the fermion-
Higgs and four-fermion operators given previously in Table 3.2 using the e ective Yukawa
operator O(0,0)Yuk .
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4Non-linear EFT at one loop
In the previous chapter we have identified the benchmark e ective non-linear Lagrangian origi-
nating from the UV complete model for the Goldstone Higgs. It contains a subset of operators
of the general non-linear Lagrangian. While that study has been restrained only to the tree level
computations – the loop corrections might contribute significantly and have to be considered as
well.
In this chapter we will focus on the loop structure of the scalar sector of the general non-linear
Lagrangian (i.e. longitudinal components of the W and Z bosons plus h), up to four derivatives in
the chiral expansion. While most of the literature 1, [143–146] has restrained the one-loop renor-
malization of this sector to on-shell analysis, we implement the complete o -shell renormalization
procedure, by considering the corrections to the leading - up to two-derivatives - scalar Lagrangian,
and furthermore taking into account the finite Higgs mass. The o -shell procedure will allow:
• To guarantee that all counterterms required for consistency are identified, and that the
corresponding basis of chirally invariant scalar operators is thus complete. It will follow
that some operators often disregarded previously are mandatory when analysing the bosonic
sector by itself.
• To shed light on the expected size of the counterterm coe cients, in relation with NDA [58,
147] for light h.
• To identify the renormalization group equations (RGE) for the bosonic sector of the chiral
Lagrangian.
A complete one-loop o -shell renormalization of the electroweak chiral Lagrangian with a decoupled
Higgs particle was performed in Ref. [148]. Using the non-linear sigma model and a perturbative
analysis, apparently chiral non-invariant divergences (NID) were shown to appear as counterterms
of four-point functions for the “pion" fields, in other words, for the longitudinal components of the
W and Z bosons. Physical consistency was guaranteed as those NID were shown to vanish on-shell
1The on-shell precursory study in Ref. [91] assumed no Higgs in the low-energy spectrum.
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and thus did not contribute to physical amplitudes. They were an artefact of the perturbative
procedure – which is not explicitly chiral invariant – and a redefinition of the pion fields leading
to their reabsortion was identified, see also Refs. [55, 149, 150]. In the present work, additional
new NID in three and four-point functions involving the Higgs field will be shown to be present,
and their reabsortion explored. Furthermore, a general parametrisation of the pseudo-goldstone
boson matrix will be formulated, defining a parameter ÷ which reduces to the various usual pion
parametrisations for di erent values of ÷, and the non-physical character of all NID will be analysed.
An alternative approach based on the path integral formulation of QFT has been developed in
Refs. [151–154] for the case of pions only interactions. It has been demonstrated that the appear-
ance of the NIDs can be avoided if the derivative, covariant with respect to chiral symmetry, is
implemented. In Refs. [155, 156] the same method has been applied to the case of the non-linear
Lagrangian with the light Higgs, with the similar conclusions. The results presented there confirm
our expressions for the counterterms and NIDs.
The resulting RGE restricted to the bosonic sector may eventually illuminate future experimental
searches when comparing data to be obtained at di erent energy scales.
4.1 The Lagrangian
The focus of the present analysis will be set on the physics of the longitudinal components of the
gauge bosons ﬁ, to which we will refer sometimes as "pions" for shortness and of the h scalar, and
only these degrees of freedom will be explicited below. The non-linear e ective Lagrangian with
the light Higgs can be ordered as
L = L0 + L2 + L4 , (4.1)
where the Li subindex indicates number of derivatives:
L0 =≠ V (h) , (4.2)
L2 =12ˆµhˆ
µh FH(h)≠ v
2
4 Tr[VµV
µ] FC(h) , (4.3)
L4 =
ÿ
i
ciPi . (4.4)
Here we have omitted the two-derivative custodial breaking operator, because the size of its co-
e cient is phenomenologically very strongly constrained. In consequence, and as neither gauge
nor Yukawa interactions are considered in this chapter, no custodial-breaking countertem will be
required by the renormalization procedure to be present among the four-derivative operators in
L4. Our analysis is thus restricted to the custodial-preserving sector.
The Pi operators in Eq. (4.4) being a custodial preserving subset of the general non-linear e ective
Lagrangian given in Eq. (1.4) with only scalar degrees of freedom. They are shown explicitly in
Table 4.1. The potential V (h) in Eq. (4.2) denotes a general potential for the h field, for which
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only up to terms quartic in h will be made explicit, with arbitrary coe cients µi and ⁄,
V © µ31 h+
1
2m
2
hh
2 + µ33! h
3 + ⁄4!h
4 . (4.5)
The first term in V (h) is provisionally kept in order to cancel the tadpole amplitude at one loop;
we will clarify this point in Sect. 4.2.1. As before, the Higgs field is assumed to be physical one
with ÈhÍ = 0.
The present analysis will only require up to four-field vertices, for which it su ces to explicit the
h dependence of the functions Fi(h) up to quadratic terms. FH,C(h) will be thus parametrised as
FH,C(h) © 1 + 2aH,Ch/v + bH,Ch2/v2 , (4.6)
while for all Pi(h) operators in Table 4.1 the corresponding functions will be defined as
ciFi(h) © ci + 2aih/v + bih2/v2 . (4.7)
A further comment on FH(h) may be useful: through a redefinition of the h field [87] it would be
possible to absorb it completely. Nevertheless, this redefinition would a ect all other couplings in
which h participates and induce for instance corrections on fermionic couplings which are weighted
by SM Yukawa couplings; it is thus pertinent not to disregard FH(h) here, as otherwise consistency
would require to include in the analysis the corresponding Fi(h) fermionic and gauge functions.
If a complete basis including all SM fields is considered assigning individual arbitrary functions
Fi(h) to all operators, it would then be possible to redefine away completely one Fi(h) without
loss of generality: it is up to the practitioner to decide which set of independent operators he/she
may prefer, and to redefine away one of the functions, for instance FH(h). For the time being, we
keep explicit FH(h) all through, for the sake of generality 2.
We analyse next the freedom in defining the U matrix and work with a general parametrization
truncated up to some order in ﬁ/v. On-shell quantities must be independent of the choice of
parametrisation for the U matrix they thh, while it will be shown below that all NID depend
instead on the specific parametrisation chosen. The NID in which the h particle participates will
turn out to o er a larger freedom to be redefined away than the pure pionic ones.
4.1.1 The Lagrangian in a general U parametrisation
The non-linear ‡ model can be written as [55]
LNL = 12DµﬁD
µﬁ = v
2
4 Tr[ˆµUˆ
µU†] = 12Gij(ﬁ
2)ˆµﬁiˆµﬁj , (4.8)
where Dµ is a derivative “covariant” under the non-linear chiral symmetry. In geometric language,
Gij(ﬁ2) can be interpreted as the metric of a 3-sphere in which the pions live, and the freedom
2Note that FH(h) is not expected to be generated from the most popular composite Higgs models, as the latter
break explicitly the chiral symmetry only via a potential for h externally generated, while FH(h) would require
derivative sources of explicit breaking of the chiral symmetry. A similar comment could be applied to P H .
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of parametrisation is just a coordinate transformation (see Ref. [148] and references therein).
Indeed, Weinberg has shown [55] that di erent linear realizations of the chiral symmetry would
lead to di erent metrics, which turn out to correspond to di erent U parametrisations; they are all
equivalent with respect to the dynamics of the pion fields as the non-linear transformation induced
on them is unique, and they are connected via redefinitions of the pion fields. In order to illustrate
this correspondence explicitly, let us define general X and Y functions as follows:
U © X(z) + i· · ﬁ
v
Y (z), z = ﬁ2/v2 . (4.9)
X(z) and Y (z) are related via the unitarity condition UU† = 1,
X(z) =
Ò
1≠ zY (z)2 . (4.10)
The Gij metric can now be rewritten as
Gij(ﬁ2) = Y (z)2”ij + 4
1
X Õ(z)2 + zY Õ(z)2 + Y (z)Y Õ(z)
2 ﬁiﬁj
v2
, (4.11)
where the primes indicate derivatives with respect the the z variable, and Y (0) = ±1 is required
for canonically normalized pion kinetic terms.
The Lagrangian in Eq. (4.8) is invariant under the transformation Y æ ≠Y , or equivalently
ﬁ æ ≠ﬁ. It is easy to relate X and Y to the functions in Weinberg’s analysis of chiral symmetry 3.
A Taylor expansion of U up to order ﬁ2N+2 bears N free parameters. A priori the present analysis
requires to consider in L2 terms up to O(ﬁ6), as the latter may contribute to 4-point functions
joining two of its pion legs into a loop. Nevertheless, the latter results in null contributions for
massless pions, and in practice it will su ce to consider inside U up to terms cubic on the pion
fields. We thus define a single parameter ÷ which encodes all the parametrisation dependence,
Y (z) © 1 + ÷ z +O(z2) , (4.12)
resulting in
U = 1≠ ﬁ
2
2v2 ≠
3
÷ + 18
4
ﬁ4
v4
+ i(ﬁ· )
v
A
1 + ÷ﬁ
2
v2
B
+ . . . (4.13)
Specific values of ÷ can be shown to correspond to di erent parametrisations up to terms with
four pions, for instance:
• ÷ = 0 yields the square root parametrisation: U =
Ò
1≠ ﬁ2/v2 + i(ﬁ· )/v ,
• ÷ = ≠1/6 yields the exponential one: U = exp(iﬁ · ·/v) .
The L2 Lagrangian can now be written in terms of pion fields. Using the Fi(h) expansions in
Eqs. (4.6) and (4.7) it results
L2 =12ˆµhˆ
µh
A
1 + 2aH
h
v
+ bH
h2
v2
B
(4.14)
3The f(ﬁ2) function defined in Ref. [55] is related to X and Y simply by f(x) = X(x)/Y (x)
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+
I
1
2ˆµﬁˆ
µﬁ + (ﬁˆµﬁ)
2
2v2 + ÷
C
ﬁ2(ˆµﬁ)2
v2
+ 2(ﬁˆµﬁ)
2
v2
DJA
1 + 2aC
h
v
+ bC
h2
v2
B
,
where terms containing more than four fields are to be disregarded. The operators required by the
renormalization procedure to be present in L4 as counterterms will be shown below to correspond
to those on the left-hand side of Table 4.1. The expansion up to four fields of the terms in L4 is
shown on the right column of Table 4.1.
Counterterm Lagrangian
It is straightforward to obtain the counterterm Lagrangian via the usual procedure of writing the
bare parameters and field wave functions in terms of the renormalized ones (details in Appendix B),
”L0 + ”L2 =12ˆµhˆ
µh
A
”h + 2”aH
h
v
+ ”bH
h2
v2
B
≠ 12”m
2
hh
2 ≠ ”µ31h≠
”µ3
3! h
3 ≠ ”⁄4! h
4
+12ˆµﬁˆ
µﬁ
A
”ﬁ + 2”aC
h
v
+ ”bC
h2
v2
B
+
A
”ﬁ ≠ ”v
2
v2
B
1
2v2
1
(ﬁˆµﬁ)(ﬁˆµﬁ) + 2÷
1
ﬁ2(ˆµﬁ)2 + 2(ﬁˆµﬁ)2
22
. (4.15)
”L4 is simply given by L4 with the replacement ci, ai, bi æ ”ci, ”ai, ”bi, apart from operator P9, for
which
”(c9P9)æ ≠2”c9
v4
Ë
(1 + 4÷)(ﬁ⇤ﬁ)2 + 2(1 + 2÷)(ﬁ⇤ﬁ)(ˆµﬁ)2
+ 2÷ﬁ2(⇤ﬁ)2 + 8÷(⇤ﬁˆµﬁ)(ﬁˆµﬁ)
È
≠ 2
v2
⇤ﬁ⇤ﬁ
CA
”c9 ≠ ”v
2
v2
B
+ 2”a9h
v
+ ”b9h
2
v2
D
.
It turns out that the counterterm coe cient ”v2 = 0 as shown below. We have left explicit the
”v2 dependence, though, in case it may be interesting to apply our results to some scenario which
includes sources of explicit chiral symmetry breaking in a context di erent than the SM one; it
also serves as a check-point of our computations.
4.2 Renormalization of o -shell Green functions
We present in this section the results for the renormalization of the 1- 2-, 3-, and 4-point functions
involving h and/or ﬁ in a general U parametrisation, specified by the ÷ parameter in Eq. (4.13).
Dimensional regularization is a convenient regularization scheme as it avoids quadratic divergen-
cies, some of which would appear to be chiral noninvariant, leading to further technical compli-
cations [149, 150]. Dimensional regularization is thus used below, as well as minimal subtraction
scheme as renormalization procedure. The notation
  = + 116ﬁ2
2
Á
94
L4 operators Expansion in ﬁ fields
c6P6 c6 [Tr(VµV µ)]2 F6(h)
4c6
v4
(ˆµﬁˆµﬁ)2
c7P7 c7Tr(VµV µ) 1v⇤hF7(h) ≠
2c7
v3
⇤h(ˆ‹ﬁˆ‹ﬁ)≠ 4a7
v4
(h⇤h)(ˆ‹ﬁˆ‹ﬁ)
c8P8 c8Tr(VµV‹) 1v2ˆµhˆ‹hF8(h) ≠2
c8
v4
(ˆµhˆ‹h)(ˆµﬁˆ‹ﬁ)
c9P9 c9Tr[(DµV µ)2]F9(h) ≠
2c9
v4
Ë
v2(⇤ﬁ⇤ﬁ)+2÷ﬁ2(⇤ﬁ)2+(1 + 4÷) (ﬁ⇤ﬁ)2
+8÷(ﬁˆµﬁ)(ˆµﬁ⇤ﬁ) + (2 + 4÷) (ˆµﬁ)2(ﬁ⇤ﬁ)
È
≠4a9
v3
h(⇤ﬁ⇤ﬁ)≠ 2b9
v4
h2(⇤ﬁ⇤ﬁ)
c10P10 c10Tr(V‹DµV µ) 1vˆ‹hF10(h)
≠2c10
v3
ˆ‹h(ˆ‹ﬁ⇤ﬁ) +
≠4a10
v4
hˆ‹h(ˆ‹ﬁ⇤ﬁ)
c11P11 c11 [Tr(VµV‹)]2 F11(h)
4c11
v4
(ˆµﬁˆ‹ﬁ)2
c20P20 c20Tr(VµV µ) 1v2ˆ‹hˆ‹hF20(h) ≠2
c20
v4
(ˆµhˆµh)(ˆ‹ﬁˆ‹ﬁ)
c⇤HP⇤H 1
v2
(⇤h⇤h)F⇤H(h)
c⇤H
v2
(⇤h⇤h) + 2a⇤H
v3
h (⇤h⇤h) + b⇤H
v4
h2 (⇤h⇤h)
c HP H 1
v3
(ˆµhˆµh)⇤hF H(h)
c H
v3
(ˆµhˆµh)⇤h+
2a H
v4
(ˆµhˆµh)h⇤h
cDHPDH 1
v4
(ˆµhˆµh)2FDH(h)
cDH
v4
(ˆµhˆµh)2
Table 4.1: The two columns on the left show the operators required to be in L4, Eq. (4.4), by
the renormalization procedure. The right hand side gives the corresponding explicit expansion
in terms of pion and h fields (up to four fields), following the U expansion in Eq. (4.13) and
the Fi(h) parametrisation in Eq. (4.7).
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Amplitudes
2h 3h 4h 2ﬁ 2ﬁh 2ﬁ2h 4ﬁ
P6 c6
P7 c7 a7
P8 c8
P9 c9 a9 b9 c9
P10 c10 a10
P11 c11
P20 c20
P⇤H c⇤H a⇤H b⇤H
P H c H a H
PDH cDH
Table 4.2: Illustration of which operators in L4 (see Eq. (4.4) and Table 4.1) contribute to 2-,
3-, and 4-point amplitudes involving pions and/or h fields. The specific operator coe cients
contributing to each amplitude are indicated, following the ciFi expansion in Eq. (4.7).
will be adopted, while FeynRules, FeynArts, and FormCalc [157–161] will be used to compute one-
loop amplitudes. Diagrams with closed pion loops give zero contribution for the case of massless
pions under study, and any reference to them will be omitted below.
Table 4.2 provides and overview of which L4 operator coe cients contribute to amplitudes in-
volving pions and/or h, up to 4-point vertices. It also serves as an advance over the results: all
operators in (4.4) will be shown to be required by the renormalization procedure. Furthermore
we have checked that they are all independent and thus their ensemble, when considered by itself,
constitutes a complete and independent basis of scalar operators, up to four-derivatives in the
non-linear expansion. None of them should be disregarded on arguments of their tradability for
other operators, for instance for fermionic ones via the application of the equations of motion
(EOM), unless the latter operators are explicitly included as part of the analysis, or without fur-
ther assumptions (i.e. to neglect all fermion masses). See Sect. 4.4 for comparison with previous
literature.
4.2.1 1-point functions
Because of chiral symmetry pions always come in even numbers in any vertex, unlike Higgs parti-
cles, thus tadpole contributions may be generated only for the latter. At tree-level it would su ce
to set µ1 = 0 in V (h) (Eq. (4.2)) in order to insure ÈhÍ = 0. At one-loop, a tadpole term is induced
from the triple Higgs couplings µ3 and aH , though, via the Feynman diagram in Fig. 4.1. The
counterterm required to cancel this contribution reads
”µ31 = m2h
A
µ3 ≠ 4aHm
2
h
v
B
 Á , (4.16)
and has no impact on the rest of the Lagrangian.
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Figure 4.1: Diagram contributing to the Higgs 1-point function.
Figure 4.2: Diagrams contributing to the ﬁ self-energy.
4.2.2 2-point functions
Consider mass and wave function renormalization for the pion and h fields. Because of chiral
symmetry no pion mass will be induced by loop corrections at any order, unlike for the h field,
whose mass is not protected by that symmetry. The diagrams contributing to the pion self-energy
are shown in Fig. 4.2. The divergent part of the amplitudes,  ijdiv(p2) Á, and the counterterm
structure are given by
 ijdiv(p2) =
C
p2
1
a2C ≠ bC
2 m2h
v2
+ p4a
2
C
v2
D
”ij , (4.17)
 ijctr(p2) =
C
p2”ﬁ ≠ p4 4
v2
A
”c9 ≠ ”v
2
v2
BD
”ij . (4.18)
In an o -shell renormalization scheme, it is necessary to match all the momenta structure of the
divergent amplitude with that of the counterterms, which leads to the following determination
”ﬁ =≠
1
a2C ≠ bC
2 m2h
v2
 Á ,
”c9 ≠ ”v
2
v2
=a
2
C
4  Á .
(4.19)
It follows that the ﬁ wave function renormalization has no divergent part whenever a2C = bC , which
happens for instance in the case of the SM (aC = bC = 1). Note as well that the absence of a
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Figure 4.3: Diagrams contributing to the Higgs self-energy.
constant term in eq. (4.17) translates into massless pions at 1-loop level, as mandated by chiral
symmetry at any loop order. Furthermore, the p4 term stems from the h≠ ﬁ coupling aC , which
is an entire new feature compared to the non-linear ‡ model renormalization. This term demands
the presence of a ⇤ﬁ⇤ﬁ counterterm in the L4 Lagrangian, as expected by naive dimensional
analysis.
Turning to the Higgs particle, the diagrams contributing to its self-energy are shown in Fig. 4.3,
with the divergent part and the required counterterm structure given by
 div(p2) =p4
(3a2C + a2H)
2v2 + p
2
A
≠µ3
v
aH +
m2h (5a2H ≠ bH)
v2
B
+
A
1
2µ
2
3 +
1
2m
2
h
3
⁄≠ 8µ3
v
aH
4
+ m
4
h (6a2H ≠ bH)
v2
B
, (4.20)
 ctr(p2) =p4
2”c⇤H
v2
+ p2”h ≠ ”m2h . (4.21)
It follows that the required counterterms are given by
”h =
C
µ3
v
aH +
m2h (bH ≠ 5a2H)
v2
D
 Á,
”m2h =
C
1
2µ
2
3 +
1
2m
2
h
3
⁄≠ 8µ3
v
aH
4
+ m
4
h (6a2H ≠ bH)
v2
D
 Á,
”c⇤H =≠ 14
1
3a2C + a2H
2
 Á.
(4.22)
This result implies that a non-vanishing aC (as in the SM limit) and/or aH leads to a p4 term in
the counterterm Lagrangian, requiring a ⇤h⇤h term in L4. In this scheme, a Higgs wave function
renormalization is operative only in deviations from the SM with non-vanishing aH and/or bH .
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Figure 4.4: Diagrams contributing to the hh æ h amplitude, not including diagrams ob-
tained by crossing.
4.2.3 3-point functions
The calculational details for the 3- and 4-point functions will not be explicitly shown as they are
not particularly illuminating. See Appendix B for more details. Vertices with an odd number of
legs necessarily involve at least one Higgs particle.
hhh
Let us consider first the hhh amplitude at one loop. The relevant diagrams to be computed are
displayed in Fig. 4.4. As h behaves as a generic singlet, the vertices involving uniquely external
h legs which appear in the Lagrangian Eq. (4.1) will span all possible momentum structures that
can result from one-loop amplitudes. Hence any divergence emerging on amplitudes involving only
external h particles will be easily absorbable. The specific results for the counterterms emerging
from L0 and L2 can be found in Appendix B.
ﬁﬁh
The diagrams for ﬁﬁh amplitudes are shown in Fig. 4.5. The one-loop divergences are studied
in detail in Appendix B; for instance, it turns out that neither ”aC nor ”a9 are induced in the
SM limit. Chiral symmetry restricts the possible structures spanned by the pure ﬁ and h ≠ ﬁ
operators. Because of this, it turns out that part of the divergent amplitude induced by the last
diagram in Fig. 4.5 cannot be cast as a function of the L2 and L4 operators, that is, it cannot be
reabsorbed by chiral-invariant counterterms, and furthermore its coe cient depends on the pion
parametrisation used: an apparent non chiral-invariant divergence (NID) has been identified. NIDs
are an artefact of the apparent breaking of chiral symmetry when the one-loop analysis is treated
in perturbation theory [55] and have no physical impact as they vanish for on-shell amplitudes.
While long ago NIDs had been isolated in perturbative analysis of four-pion vertices in the non-
linear sigma model [148], the result obtained here is a new type of NID: a three-point function
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Figure 4.5: Diagrams contributing to the ﬁﬁ æ h scattering amplitude, not including
diagrams obtained by crossing.
involving the Higgs particle, corresponding to the chiral non-invariant operator
ONID1 = ≠aC
33
2 + 5÷
4  Á
v3
ﬁ⇤ﬁ⇤h . (4.23)
This coupling cannot be reabsorbed as part of a chiral invariant counterterm, but its contribution
to on-shell amplitudes indeed vanishes. It is interesting to note that while the renormalization
conditions of all physical parameters turn out to be independent of the choice ofU parametrisation,
as they should, NIDs exhibit instead an explicit ÷ dependence, as illustrated by Eq. (4.23). This
pattern will be also present in the renormalization of 4-point functions, developed next.
4.2.4 4-point functions
The analysis of this set of correlation functions turns out to be tantalizing when comparing the
results for mixed ﬁ ≠ h vertices with those for pure pionic ones 4.
ﬁﬁhh
The computation of the ﬁﬁ æ hh one-loop amplitude shows that the renormalization procedure
requires the presence of all possible chiral invariant hhﬁﬁ counterterms in the Lagrangian, in the
most general case.
4It provides in addition nice checks of the computations; for instance we checked explicitly in the present context
that the consistency of the renormalization results for four-point functions requires ”2v = 0.
100
Furthermore, we have identified new NIDs in hhﬁﬁ amplitudes:
ONID2 = +(2a2C ≠ bC)
33
2 + 5÷
4  Á
v4
ﬁ⇤ﬁ h⇤h ,
ONID3 = +(a2C ≠ bC)
33
2 + 5÷
4  Á
v4
ﬁ⇤ﬁ ˆµhˆµh ,
ONID4 = ≠2a2C
33
2 + 5÷
4  Á
v4
ﬁˆµﬁ ˆ
µh⇤h .
(4.24)
While these NIDs di er from that for the three-point function in Eq. (4.23) in their counterterm
structure, they all share an intriguing fact: to be proportional to the factor (3/2 + 5÷). Therefore
a proper choice of parametrisation, i.e. ÷ = ≠3/10, removes all mixed h≠ ﬁ NIDs. That value of
÷ is of no special significance as fas as we know, and in fact there is no choice of parametrisation
that can avoid all noninvariant divergencies, as proved next.
ﬁﬁﬁﬁ
Consider now ﬁﬁ æ ﬁﬁ amplitudes. Only two counterterms are necessary to reabsorb chiral-
invariant divergencies, namely ”c6 and ”c11. In this case, we find no other NIDs than those already
present in the non-linear ‡ model [148], which stemmed from the insertion in the loop of the
four-pion vertex (whose coupling depends on ÷). Our analysis shows that the four-ﬁ NIDs read:
ONID5 = +
3
9÷2 + 5÷ + 34
4  Á
v4
(ﬁ⇤ﬁ)2,
ONID6 = +
5
1 + 4÷ +
31
2 + ÷
4
a2C
6  Á
v4
(ﬁ⇤ﬁ)(ˆµﬁˆµﬁ),
ONID7 = +2÷2
 Á
v4
ﬁ2(⇤ﬁ)2,
ONID8 = +2÷
1
a2C ≠ 1
2  Á
v4
(⇤ﬁˆµﬁ)(ﬁˆµﬁ).
(4.25)
As expected, the parametrisation freedom – the dependence on the ÷ parameter – appears only
in NIDs, and never on chiral-invariant counterterms, as the latter describe physical processes.
Furthermore, the contribution of all NIDs to on-shell amplitudes vanishes as expected 5. Finally,
the consideration of the ensemble of three and four-point NIDs in Eqs. (4.23), (4.24) and (4.25)
shows inmediately that no parametrisation can remove all NIDs: it is possible to eliminate those
involving h 6, but no value of ÷ would remove all pure pionic ones.
hhhh
The renormalization procedure for hh æ hh amplitudes is straightforward. It results in contri-
butions to ”a H , ”cDH , and ”bH . Interestingly, Appendix C illustrates that large coe cients are
5This is not always seen when taken individually. For instance, the contribution of ONID4 to the hhﬁﬁ amplitude
is cancelled by that of ONID1 , which corrects the hﬁﬁ vertex.
6This may be linked to the larger freedom of redefinition for fields not subject to chiral invariance.
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present in some terms of the RGE for bH and ⁄; this might a priori translate into measurable
e ects when comparing data at di erent scales, if ever deviations from the SM predictions are
detected, see Sect. (4.3).
There is a particularity of the o -shell renormalization scheme which deserves to be pointed out.
A closer look at the counterterms reveals that, in the SM case, that is
aC = bC = 1, aH = bH = 0, µ3 = 3
m2h
v
and ⁄ = 3m
2
h
v2
, (4.26)
several BSM operator coe cients do not vanish. Although at first this might look counterintuitive,
when calculating physical amplitudes the contribution of these non-vanishing operator coe cients
all combine in such a way that the overall BSM contribution indeed cancels. The same pattern
propagates to the renormalization group equations discussed in Sect. 4.
4.2.5 Dealing with the apparent non-invariant divergencies
For the non-linear ‡ model the issue of NIDs was analyzed long ago [148,150–154]). In that case,
it was finally proven that a non-linear redefinition of the pion field which includes space-time
derivatives could reabsorb them [148]. This method reveals a deeper rationale in understanding
the issue, as Lagrangians related by a local field redefinition are equivalent, even when it involves
derivatives [162–165]. Consequently, if via a general pion field redefinition
ﬁ æ ﬁ f(ﬁ, h, ˆµﬁ, ˆµh, . . . ) ,
with f(0) = 1, the Lagrangian is shifted
Læ LÕ = L+ ”L ,
from the equivalence between L and LÕ it follows that ”L must be unphysical. Thus, if an approp-
priate pion field redefinition is found which is able to absorb all NDIs, it automatically implies
that NDIs do not contribute to the S-matrix, and therefore that chiral symmetry remains unbro-
ken. In other words, the non-invariant operators can be identifed with quantities in the functional
generator that vanish upon performing the path integral.
Let us consider the following pion redefinition, in which we propose new terms not considered
previously and which contain the h field:
ﬁi æ ﬁi
A
1 + –12v4ﬁ⇤ﬁ +
–2
2v4ˆµﬁˆ
µﬁ + —2v3⇤h+
“˜1
2v4h⇤h+
“2
2v4ˆµhˆ
µh
B
+ –32v4⇤ﬁi(ﬁﬁ) +
–4
2v4ˆµﬁi(ﬁˆ
µﬁ).
(4.27)
The application of this redefinition to L4 is immaterial, as it would only induce couplings of higher
order. As all terms in the shift contain two derivatives, when applied to L2 contributions to L4
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and NID operator coe cients do follow. Indeed, the action of Eq. (4.27) on L2 reduces to that on
the term 1
4Tr(ˆµUˆ
µU)FC(h) , (4.28)
which produces the additional contribution to NDI vertices given by
 LNID = ≠ﬁ⇤ﬁ
A
–1
v4
ﬁ⇤ﬁ + –2
v4
ˆµﬁˆ
µﬁ + —
v3
⇤h+ “1
v4
h⇤h+ “2
v4
ˆµhˆ
µh
B
≠ –3
v4
(⇤ﬁ⇤ﬁ)(ﬁﬁ)≠ –4
v4
(⇤ﬁˆµﬁ)(ﬁˆµﬁ)≠ 2aC—
v4
ﬁˆµﬁˆ
µh⇤h+ ... (4.29)
where “1 = 2aC— + “˜1, and where the dots indicate other operators with either six derivatives or
that have more than four fields and are beyond the scope of this work. Comparing the terms in
 LNID with the NID operators found, Eqs. (4.23), (4.24) and (4.25), it follows that by choosing
–1 =
3
9÷2 + 5÷ + 34
4
 Á,
–2 =
5
1 + 4÷ +
31
2 + ÷
4
a2C
6
 Á,
–3 = 2÷2 Á,
–4 = 2÷
1
a2C ≠ 1
2
 Á,
— = ≠
33
2 + 5÷
4
aC Á,
“1 =
33
2 + 5÷
4 1
2a2C ≠ bC
2
 Á,
“2 =
33
2 + 5÷
4 1
a2C ≠ bC
2
 Á.
all 1-loop NID are removed away.
A few comments are in order. The o -shell renormalization of one loop amplitudes is delicate
and physically interesting. Because of chiral symmetry, the pure pionic or mixed pion-h operators
do not encode all possible momentum structures, even after pion field redefinitions. Hence, the
appearance of divergent structures that can be absorbed by ”L0, ”L2, ”L4 and  LNI is a man-
isfestation of chiral invariance and of the field redefinition equivalence discussed above. We have
shown consistently that NIDs appearing in the one-loop renormalization of the electroweak chiral
Lagrangian do not contribute to on-shell quantities. In fact, a closer examination has revealed
that the apparent chiral non-invariant divergencies emerge from loop diagrams which have at least
one four-pion vertex in it, and this is why all of them depend on ÷. We have also shown that the
presence of a light Higgs boson modifies the coe cients of the unphysical counterterms made out
purely of pions, but not their structure, neither -of course- breaks chiral symmetry.
4.3 Renormalization Group Equations
It is straightforward to derive the RGE from the ”ci divergent contributions determined in the
previous section. The complete RGE set can be found in Appendix C. As illustration, the evolution
of those Lagrangian coe cients which do not vanish in the SM limit is given by:
16ﬁ2 d
d lnµaC = aC
C1
5a2H ≠ 3bC ≠ bH
2 m2h
v2
≠ aH µ3
v
D
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+ a2C
A
4aH
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≠ µ3
v
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v2
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v2
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16ﬁ2 d
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C
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2 m4h
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,
16ﬁ2 d
d lnµ⁄ = ⁄
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1
41a2H ≠ 7bH
2 m2h
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≠ 52aH µ3
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,
These and the rest of the RGE in Appendix C show as well that the running of the parameters
aC , bC , aH , bH , and v2 is only induced by the couplings entering the Higgs potential, Eq. (4.5).
Note that in the RGE for the Higgs quartic self-coupling ⁄, some terms are weighted by numerical
factors of O(100). This suggests that if a BSM theory results in small couplings for aH and bH ,
those terms could still induce measurable phenomenological consequences. Nevertheless, physical
amplitudes will depend on a large combination of parameters, which might yield cancellations or
enhancements as pointed out earlier, and only a more thorough study can lead to firm conclusions.
Such large coe cients turn out to be also present in the evolution of some BSM couplings, such
as the four-Higgs coupling bH for which
16ﬁ2 d
d lnµbH = bH
C
2
1
≠a2C + 97a2H + bC
2 m2h
v2
≠ 44aH µ3
v
+ 3⁄
D
≠ 18b2H
m2h
v2
+ a2H
3
≠13⁄+ 84aH µ3
v
4
≠ 240a4H
m2h
v2
, (4.30)
On general grounds aH is expected to be small, and for instance the a4H dependence in Eq. (4.30)
is not expected to be relevant in spite of the numerical prefactor. On the other side, present data
set basically no bound on the couplings involving three or more external Higgs particles, and thus
the future putative impact of this evolution should not be dismissed yet.
4.4 Comparison with the literature
The works on the one-loop renormalization of the scalar sector of the non-linear Lagrangian with
a light Higgs typically use either the square root parametrisation (÷ = 0 in our parametrisation)
or the exponential one (÷ = ≠1/6), and have
• concentrated on on-shell analyses,
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• disregarded the impact of FH(h),
• disregarded fermionic operators; in practice this means to neglect all fermion masses.
This last point is not uncorrelated with the fact that the basis of independent four-derivative
operators determined here has a larger number of elements than previous works about the scalar
sector. Those extra bosonic operators have been shown here to be required by the counterterm
procedure. It is possible to demonstrate, though, that they can be traded via EOM by other
type of operators including gauge corrections and Yukawa-like operators. In a complete basis
of all possible operators it is up to the practitioner to decide which set is kept, as long as it
is complete and independent. When restricting instead to a given subsector, the complete and
consistent treatment requires to consider all independent operators of the kind selected (anyway
the renormalization procedure will indicate their need), or to state explicitly any extra assumptions
to eliminate them. Some further specific comments:
Ref. [143] considers, under the first two itemized conditions above plus disregarding the impact of
V (h) (and in particular neglecting the Higgs mass), the scattering processes hh æ hh, ﬁﬁ æ hh
and ﬁﬁ æ ﬁﬁ. With the o -shell treatment, five additional operators result in this case with
respect to those obtained in that reference (assuming the rest of their assumptions), P7, P9, P10,
P⇤H and P H in Table 4.1. Note that all these operators contain either ⇤h or ⇤ﬁ inside; they
may thus be implicitly traded by fermionic operators via EOM, and can only be disregarded if
all fermion masses are neglected. Assuming this extra condition, we could reproduce their results
using the EOMs. For instance, the RGEs derived here for c6, c8, c20, aC and bC di er from the
corresponding ones in that reference: an o -shell renormalization analysis entails the larger number
of operators mentioned. In any case, we stress again that the results of both approaches coincide
when calculating physical amplitudes. Another contrast appears in the running of aC , bC , aH , bH ,
as well as the mass, the triple, and the quartic coupling of the Higgs, for which the running is
induced by the Higgs potential parameters, disregarded in that reference.
In Ref. [144] the on-shell scattering process of the longitudinal modes of the processW+W≠ æ ZZ
is considered, disregarding FH(h) but including the impact of V (h). Our o -shell treatment results
in this case in one additional operator (assuming the rest of their assumptions) with respect to
those in that reference, P9, as only processes involving four goldstone bosons were considered
there. Again this extra operator contains ⇤ﬁ in all its terms and it could be neglected in practice
if disregarding all fermion masses. With this extra assumption, our results reduce to theirs in the
limit indicated.
Finally, in Refs. [155, 156] the geometrical formulation of HEFT has been adopted. It has been
demonstrated that quantum corrections to the theory are given in terms of the curvature and
connection of the scalar manifold. In particular it has been shown that the NIDs appear due to
noncovariant term in the second variation of action which is explicitly proportional to EOM and
can be eliminated if the variation is promoted to be covariant with respect to the chiral symmetry
of the Lagrangian (see Eq.7 in Ref. [156]). The expressions for NID match exactly the results
presented in this Chapter.
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Summary
Completely clarifying the mechanism of the electroweak breaking is one of the main goals of
particle physics today and an important role, on the theory side, is played by simple and motivated
extensions of the SM which could provide guidance in the experimental search.
To this purpose we have formulated a model where the scalar sector of the SM is minimally
extended to include an additional scalar particle ‡, singlet under the SM gauge group. To a
large extent our set up is motivated by the QCD linear sigma model. Similarly, we consider a
linear realization of symmetry, where the Higgs fourplet together the ‡ scalar forms a fundamental
representation of SO(5) global symmetry, broken down spontaneously to SO(4). This minimal
SO(5)/SO(4) coset includes four GB states, three of which are to become longitudinal polarisations
of W and Z bosons as in the SM itself and one additional state is the observed Higgs particle. In
order to reproduce the observed Higgs mass an explicit breaking of the global SO(5) symmetry
is needed. To introduce it we consider the extended fermionic sector in complete representations
of SO(5) group, linearly coupled to the SM fermions through SO(5) violating couplings. Proto-
Yukawa interactions between the scalar 5plet and the new fermions allow for the explicit breaking
to propagate to the scalar potential due to Coleman-Weinberg mechanism and to generate a
potential for the Higgs fourplet, which eventually triggers the EWSB.
The previous attempt in this direction [22] did not fully take into account the impact of the
extended fermionic sector on the main phenomenological observables. Instead, we considered the
restrictions set on the parameter space of the fermionic sector by EWPT parameters, namely S, T
and Rb. Concerning the scalar contribution, from an explicit one-loop computation we recover a
well-known result: a positive contribution to the S parameter and a negative contribution to the
T parameter. In our model both extra contributions  S and  T are finite, so there is no cut-o 
ambiguity. The main impact of the heavy fermion contribution is on the T parameter. Letting
the heavy fermions to be as light as 800 GeV, the lower limit from direct searches, contributions
to T of both signs as large as 0.2. Even the largest scalar contributions to  S and  T , obtained
when the scalars mixing angle “ saturates its experimental bound and ‡ is very heavy, can always
be compensated by the fermionic ones for an appropriate choice of the parameters, keeping S and
T within the experimentally allowed region. Thus, we conclude that large part of the parameter
space is allowed by EWPT and therefore the theory is fully viable.
The direct LHC searches for a scalar particle together with the theoretical requirement that the
Higgs behaves as a pseudo-Goldstone boson, allow to exclude ‡ masses below about 500 GeV.
Furthermore, we have integrated out the BSM states and obtained the e ective Lagrangian. First,
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linear e ective Lagrangian has been derived by integration out of the heavy fermionic states. This
Lagrangian describes interactions of the Higgs and ‡ scalars with the SM fermionic matter. As a
second step we introduce the e ective Yukawa operator, characterized by two parameters, which
depend only on the embeddings of the fermions into SO(5) representations . Having this, we
have derived the benchmark non-linear e ective Lagrangian for the large mass limit of the heavy
scalar ‡. Up to the first order in the linear corrections it contains ten operators, five bosonic and
five fermionic. The coe cients of the latter ones are given as functions of the two parameters
of Yukawa interaction, thus allowing for a simple comparison between the models with various
embeddings adopted.
We have derived for the first time ‡ induced modifications of the Higgs to gauge bosons and
fermions couplings ŸV and Ÿf and shown that they are quite universal. While the leading order
corrections, obtained in the limit of the infinite scalar mass coincide with the ones previously
obtained in the literature, the new next to leading corrections are doubly suppressed by small
explicit breaking parameters and large scalar self coupling, a combination corresponding to a
m2h/m
2
s suppression. We have repeated the integration out procedure for the UV complete model
considered previously and identified the coe cients of the e ective operators in terms of the
parameters of extended fermionic sector as well as scalar sector with the ‡ boson. The resulting
operators represent a subset of the most general non-linear Lagrangian and are consistent with the
results for the general SO(5)/SO(4) constructions given in [70].
Next, we have performed the one-loop o -shell renormalization of the custodial-preserving sector
of e ective non-linear Lagrangian with the finite Higgs mass, focusing on its scalar sector composed
of longitudinal components of the SM gauge bosons and the Higgs boson h. We have identified
the NLO counterterms required to absorb the divergences originating from the diagrams with up
to 4 external legs, in the agreement with the NDA the general non-linear Lagrangian.
As a useful tool we introduce a novel general parametrisation of the Goldstone boson matrix, at the
order considered depending on single parameter ÷. All the counterterms induced are parametri-
sation independent. We have also found chrial noninvariant divergences, which depend explicitly
on ÷ and generalize the result of [148] to the case of the light Higgs present in the spectrum. We
demonstrated how they can be removed by the pion field redefinition, thus being unphysical and
vanishing on-shell. Our findings have been later confirmed by an independent group [155, 156],
where the same non-invariant divergences have been found, it has also been shown that they can
be avoided by employing of covariant variation of the action in the path integral approach to the
renormalization.
To sum up the above we have constructed the viable UV complete model of Goldstone Higgs which
is possible to validate by the ongoing LHC run either through direct observation of the heavy scalar
‡ and/or heavy fermionic partners of the SM fermions. At low energies, below the masses of BSM
particles the model results in the set of non-linear operators parametrizing the deviations from
the SM predictions with the coe cients being the explicit functions of the parameters of the UV
completion. We have analysed the consistency of the subset of non-linear Lagrangian by analysing
its one loop structure in general U parametrisation and confirmed the previous results based on
NDA.
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Appendix A
Coleman–Weinberg Potential
In Sect. 2.1 it was assumed a specific form for the SO(5) scalar potential broken to SO(4), in-
troducing two additional SO(5) breaking parameters – and —. Here we will further motivate this
assumption. Even assuming that the tree level scalar potential would preserve the global SO(5)
symmetry, the presence of a SO(5) breaking couplings in the fermionic sector will generate at one-
loop level SO(5) breaking terms through the Coleman-Weinberg mechanism [71]. The one-loop
fermionic contribution can be obtained from the field dependent mass matrix M as
Vloop = ≠ i2
⁄ d4k
(2ﬁ)4
Œÿ
n=1
1
n
Tr
AMM†
k2
Bn
= i2
⁄ d4k
(2ﬁ)4Tr log
A
1≠MM
†
k2
B
= ≠ 164ﬁ2
A
 2Tr
Ë
MM†
È
≠ Tr
Ë
(MM†)2
È
log
A
 2
µ2
B
+
+Tr
C
(MM†)2 log
AMM†
µ2
BD
≠ 12Tr
Ë
(MM†)2
ÈB
, (A.1)
where   is the UV cuto  scale while µ is a generic renormalization scale. The first two terms on
the right-hand side of this equation are divergent, respectively quadratically and logarithmically,
while the last two terms are finite. For the model under discussion it results:
Tr[MM†] = c1 + c2 („T„) , (A.2)
Tr[(MM†)2] = d1 + d2 ‡ + d3 ‡2 + d4 („T„) + d5 („T„)2 , (A.3)
where
c1 = 2 21 +  22 +  23 +M21 + 5M25 + ({}¡ {}Õ) ,
c2 = y21 + y22 + ({}¡ {}Õ) ,
and
d1 = M41 + 5M45 + 2M25
1
2 21 +  22
2
+ 2M21 23 + 2 41 +
1
 22 +  23
22
+ ({}¡ {}Õ) ,
d2 = 4 (y1M1 + y2M5) 2 3 + ({}¡ {}Õ) ,
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d3 = 2 y21 22 ≠ y22 21 + ({}¡ {}Õ) ,
d4 = 4 y1y2M1M5 + 2
1
y21 + y22
2 1
M21 +M25
2
+ y22
1
 21 + 2 23
2
+ ({}¡ {}Õ) ,
d5 = y41 + y42 + ({}¡ {}Õ) .
In consequence, only the quadratically divergent piece is seen to remain SO(5) invariant, while the
rest of the potential introduces an explicit breaking of the SO(5) symmetry to SO(4), see Eq. (A.3).
The quadratic divergence can be thus absorbed in the parameters of the tree-level Lagrangian, and
the same holds for the SO(5) invariant component of the logarithmically divergent terms (d1, d4
and d5). However, the presence of the d2 and d3 divergent SO(5)-breaking terms require to add
the two corresponding counterterms in the potential, so as to obtain a renormalizable theory.
These two necessary terms are those defined with coe cients – and — in the potential definition
Eq. (2.8). The gauge couplings appearing in the covariant derivatives also break explicitly the
SO(5) symmetry, but they do not induce extra one-loop divergent contributions to the e ective
potential, and in consequence only – and — are required for consistency.
The computation of the finite part of Vloop should provide the dependence of the parameters on the
renormalization scale 1 and should thus be equivalent to the computation of their renormalization
group equations; this task is beyond the scope of the present analysis.
1The gauge bosons induce finite contributions which are usually neglected with respect to the fermionic ones,
as their relative ratio is proportional to the ratio between the mass scale for the heavy fermions and that for the
gauge bosons.
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Appendix B
The counterterms
Details about the computation of the counterterms and the renormalization of the chiral La-
grangian are given in this Appendix, including the derivation of the RGEs.
The bare parameters (denoted by b) written in terms of the renormalized ones and the counterterms
for the L2 and L4 Lagrangians are given by
hb =
Ò
Zhh, ”h © Zh ≠ 1,
ﬁb =
Ò
Zﬁﬁ, ”ﬁ © Zﬁ ≠ 1,
v2b = Zﬁ(v2 + ”v2)µ≠Á,
(m2h)b =
1
Zh
(m2h + ”m2h),
(µ31)b =
1
Z1/2h
1
µ31 + ”µ31
2
µ3Á/2,
µb3 =
1
Z3/2h
(µ3 + ”µ3)µÁ/2,
⁄b = 1
Z2h
(⁄+ ”⁄)µÁ,
abC =
1
Z1/2ﬁ Z
1/2
h
A
aC + ”aC +
aC
2
”v2
v2
B
,
bbC =
1
Zh
A
bC + ”bC + bC
”v2
v2
B
,
abH =
Z1/2ﬁ
Z3/2h
A
aH + ”aH +
aH
2
”v2
v2
B
,
bbH =
Zﬁ
Z2h
A
bH + ”bH + bH
”v2
v2
B
,
(B.1)
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where
Xbi =
A
Xi + ”Xi + 2Xi
”v2
v2
B
µ≠Á, Xi = c6, c9, c11,
Xbi =
Z1/2ﬁ
Z1/2h
A
Xi + ”Xi +
3
2Xi
”v2
v2
B
µ≠Á, Xi = c7, a9, c10,
Xbi =
Zﬁ
Zh
A
Xi + ”Xi + 2Xi
”v2
v2
B
µ≠Á, Xi = a7, c8, b9, a10, c20,
Xbi =
Zﬁ
Zh
A
Xi + ”Xi +Xi
”v2
v2
B
µ≠Á, Xi = c⇤H ,
Xbi =
Z3/2ﬁ
Z3/2h
A
Xi + ”Xi +
3
2Xi
”v2
v2
B
µ≠Á, Xi = a⇤H , c H ,
Xbi =
Z2ﬁ
Z2h
A
Xi + ”Xi + 2Xi
”v2
v2
B
µ≠Á, Xi = b⇤H , a H , cDH .
(B.2)
The counterterms required to absorb the divergencies of the hhh 3-point function are
”a⇤H =
1
2
A
≠3aCbC2 ≠
aHbH
2 + 3a
3
C + a3H
B
 Á,
”c H =
1
2
1
≠3aCbC + 3a3C ≠ a3H
2
 Á,
”aH =
C
1
2
3
≠9µ3
v
a2H + ⁄aH + 2
µ3
v
bH
4
+ aH
1
15a2H ≠ 7bH
2 m2h
v2
D
 Á,
”µ3 =
C
3
2µ3
3
⁄≠ 4µ3
v
aH
4
+ 6
1
6µ3a2H ≠ ⁄vaH ≠ µ3bH
2 m2h
v2
+ 6aH
1
3bH ≠ 8a2H
2 m4h
v3
D
 Á,
(B.3)
while those for ﬁﬁ æ h read
”aC =
1
2
1
a2C ≠ bC
2 C
2(aC + 2aH)
m2h
v2
≠ µ3
v
D
 Á,
”c7 =
1
4
1
≠aHbC + a2CaH ≠ a3C ≠ 2aC
2
 Á,
”a9 = ≠18aC
1
aCaH + a2C ≠ bC
2
 Á,
”c10 =
1
2aC
1
≠aCaH + a2C + bC
2
 Á.
(B.4)
In the case of the ﬁﬁ æ hh amplitudes, the relevant diagrams are displayed in Fig. B.1, and the
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Figure B.1: Diagrams contributing to the ﬁﬁ æ hh amplitude, not including diagrams
obtained by crossing.
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Figure B.2: Diagrams contributing to the ﬁﬁ æ ﬁﬁ amplitude, not including diagrams
obtained by crossing.
counterterms correspond to
”bC =
1
2
1
a2C ≠ bC
2 5
(4aC + 8aH)
µ3
v
≠ ⁄
≠ 2
1
8aCaH + 4a2C + 12a2H ≠ bC ≠ 2bH
2 m2h
v2
6
 Á,
”a7 =
1
8
5
a2C
1
≠4a2H ≠ 3bC + bH + 4
2
+ 2aCaHbC + bC
1
4a2H ≠ bH ≠ 2
2
+ 4a4C
6
 Á ,
”c8 =
1
3
Ë
a2C
1
a2H + bC
2
≠ 2aCaHbC ≠ a3CaH + a4C + b2C
È
 Á ,
”b9 =
1
4
Ë
≠a2C
1
≠4a2H + 5bC + bH
2
≠ 4aCaHbC + 4a3CaH + 4a4C + b2C
È
 Á ,
”a10 =
1
4
Ë
a2C
1
4a2H + bC ≠ bH
2
≠ 4aCaHbC ≠ 4a4C + b2C
È
 Á ,
”c20 =
1
12
5
a2C
1
2a2H ≠ bC + 6
2
+ 2aCaHbC
≠ bC
1
3a2H + bC + 6
2
≠ 2a3CaH + 2a4C
6
 Á .
(B.5)
For ﬁﬁ æ ﬁﬁ amplitudes, the relevant diagrams are displayed in Fig. B.2, and the required
counterterms are given by
”c6 =
1
48
Ë
a2C (6bC ≠ 8)≠ 2a4C ≠ 3b2C ≠ 2
È
 Á,
”c11 = ≠ 112
1
a2C ≠ 1
22
 Á.
(B.6)
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Figure B.3: Diagrams contributing to the hh æ hh amplitude, not including diagrams
obtained by crossing.
Finally, the relevant diagrams for hh æ hh amplitudes are shown in Fig. B.3, and the renormal-
ization conditions read
”bH =
51
2
3
µ3
v
1
≠40aHbH + 84a3H
2
≠ 13⁄a2H + 3⁄bH
4
+
1
87a2HbH ≠ 120a4H ≠ 7b2H
2 m2h
v2
6
 Á,
”b⇤H =
1
4
Ë
≠3
1
4a4H + b2C
2
+ 30a2CbC + 10a2HbH ≠ 36a4C ≠ b2H
È
 Á,
”a H = ≠34
1
≠7a2CbC + a2HbH + 6a4C ≠ 2a4H + b2C
2
 Á,
”cDH =
5
≠ 34
1
a2C ≠ bC
2
2 ≠ a
4
H
4
6
 Á,
”⁄ =
; 3
2v2
Ë
8µ23
1
6a2H ≠ bH
2
≠ 16⁄µ3vaH + ⁄2v2
È
≠ 12
1
≠12µ3aHbH + 32µ3a3H ≠ 6⁄va2H + ⁄vbH
2 m2h
v3
+ 6
1
≠48a2HbH + 80a4H + 3b2H
2 m4h
v4
<
 Á.
(B.7)
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Appendix C
The Renormalization Group Equations
This Appendix provides the expressions for the RGE of all couplings discussed above, at the order
considered.
16ﬁ2 d
d lnµaC = aC
C1
5a2H ≠ 3bC ≠ bH
2 m2h
v2
≠ aH µ3
v
D
+ a2C
A
4aH
m2h
v2
≠ µ3
v
B
+ 3a3C
m2h
v2
+ bC
µ3
v
≠ 4aHbCm
2
h
v2
, (C.1)
16ﬁ2 d
d lnµbC = bC
C
2
1
5a2C + 8aCaH + 17a2H ≠ 3bH
2 m2h
v2
+ ⁄≠ 2(2aC + 5aH)µ3
v
D
≠ 2b2C
m2h
v2
+ a2C
3
≠⁄+ 4aC µ3
v
+ 8aH
µ3
v
4
≠ 4a2C
1
2a2C + 4aCaH + 6a2H ≠ bH
2 m2h
v2
, (C.2)
16ﬁ2 d
d lnµaH = aH
C
⁄≠
1
a2C ≠ bC + 17bH
2 m2h
v2
D
≠ 12a2H
µ3
v
+ 45a3H
m2h
v2
+ 2bH
µ3
v
, (C.3)
16ﬁ2 d
d lnµbH = bH
C
2
1
≠a2C + 97a2H + bC
2 m2h
v2
≠ 44aH µ3
v
+ 3⁄
D
≠ 18b2H
m2h
v2
+ a2H
3
≠13⁄+ 84aH µ3
v
4
≠ 240a4H
m2h
v2
, (C.4)
16ﬁ2 d
d lnµm
2
h = m2h
3
⁄≠ 10aH µ3
v
4
+
1
22a2H ≠ 4bH
2 m4h
v2
+ µ23 , (C.5)
16ﬁ2 d
d lnµµ3 = µ3
C1
87a2H ≠ 15bH
2 m2h
v2
+ 3⁄
D
≠ 15aH µ
2
3
v
≠ 12⁄aHm
2
h
v
≠
1
96a3H ≠ 36aHbH
2 m4h
v3
, (C.6)
16ﬁ2 d
d lnµ⁄ = ⁄
C
4
1
41a2H ≠ 7bH
2 m2h
v2
≠ 52aH µ3
v
D
+ 3⁄2 + 24
1
6a2H ≠ bH
2 µ23
v2
116
≠ 96aH
1
8a2H ≠ 3bH
2 µ3m2h
v3
+ 12
1
80a4H ≠ 48a2HbH + 3b2H
2 m4h
v4
, (C.7)
16ﬁ2 d
d lnµv
2 = ≠2
1
a2C ≠ bC
2
m2h , (C.8)
16ﬁ2 d
d lnµc6 = ≠
1
24
Ë
2 + 2a4C + 3b2C ≠ a2C (≠8 + 6bC)
È
, (C.9)
16ﬁ2 d
d lnµc7 = ≠c7
C1
a2C ≠ 5a2H ≠ bC + bH
2 m2h
v2
+ aH
µ3
v
D
+ 12
1
≠2aC ≠ a3C + a2CaH ≠ aHbC
2
, (C.10)
16ﬁ2 d
d lnµa7 = ≠a7
C
2
1
a2C ≠ 5a2H ≠ bC + bH
2 m2h
v2
+ 2aH
µ3
v
D
+ 14
Ë
4a4C + 2aCaHbC + bC
1
≠2 + 4a2H ≠ bH
2
+ a2C
1
4≠ 4a2H ≠ 3bC + bH
2È
,
(C.11)
16ﬁ2 d
d lnµc8 = ≠c8
C
2
1
a2C ≠ 5a2H ≠ bC + bH
2 m2h
v2
+ 2aH
µ3
v
D
+ 23
Ë
a4C ≠ a3CaH ≠ 2aCaHbC + b2C + a2C
1
a2H + bC
2È
, (C.12)
16ﬁ2 d
d lnµc9 =
a2C
2 , (C.13)
16ﬁ2 d
d lnµa9 = ≠a9
C1
a2C ≠ 5a2H ≠ bC + bH
2 m2h
v2
+ aH
µ3
v
D
≠ 12aC
1
a2C + aCaH ≠ bC
2
, (C.14)
16ﬁ2 d
d lnµb9 = ≠b9
C
2
1
a2C ≠ 5a2H ≠ bC + bH
2 m2h
v2
+ 2aH
µ3
v
D
+ 12
Ë
4a4C + 4a3CaH ≠ 4aCaHbC + b2C + a2C
1
4a2H ≠ 5bC ≠ bH
2È
, (C.15)
16ﬁ2 d
d lnµc10 = ≠c10
C1
a2C ≠ 5a2H ≠ bC + bH
2 m2h
v2
+ aH
µ3
v
D
+ aC
1
a2C ≠ aCaH + bC
2
, (C.16)
16ﬁ2 d
d lnµa10 = ≠a10
C
2
1
a2C ≠ 5a2H ≠ bC + bH
2 m2h
v2
+ 2aH
µ3
v
D
+ 12
1
≠4a4C ≠ 4aCaHbC + b2C + a2C
1
4a2H + bC ≠ bH
22
, (C.17)
16ﬁ2 d
d lnµc11 = ≠
1
6
1
a2C ≠ 1
22
, (C.18)
16ﬁ2 d
d lnµc20 = ≠c20
C
2
1
a2C ≠ 5a2H ≠ bC + bH
2 m2h
v2
+ 2aH
µ3
v
D
(C.19)
+ 16
Ë
2a4C ≠ 2a3CaH + a2C
1
6 + 2a2H ≠ bC
2
+ 2aCaHbC ≠ bC
1
6 + 3a2H + bC
2È
,
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16ﬁ2 d
d lnµc⇤H = ≠c⇤H
C
2
1
a2C ≠ 5a2H ≠ bC + bH
2 m2h
v2
+ 2aH
µ3
v
D
+ 12
1
≠3a2C ≠ a2H
2
, (C.20)
16ﬁ2 d
d lnµa⇤H = ≠a⇤H
C
3
1
a2C ≠ 5a2H ≠ bC + bH
2 m2h
v2
+ 3aH
µ3
v
D
+ 3a3C + a3H ≠
3aCbC
2 ≠
aHbH
2 , (C.21)
16ﬁ2 d
d lnµb⇤H = ≠b⇤H
C
4
1
a2C ≠ 5a2H ≠ bC + bH
2 m2h
v2
+ 4aH
µ3
v
D
≠ 18a4C ≠ 6a4H + 15a2CbC ≠
3b2C
2 + 5a
2
HbH ≠
b2H
2 , (C.22)
16ﬁ2 d
d lnµc H = ≠c H
C
3
1
a2C ≠ 5a2H ≠ bC + bH
2 m2h
v2
+ 3aH
µ3
v
D
+ 3a3C ≠ a3H ≠ 3aCbC , (C.23)
16ﬁ2 d
d lnµa H = ≠a H
C
4
1
a2C ≠ 5a2H ≠ bC + bH
2 m2h
v2
+ 4aH
µ3
v
D
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1
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2
, (C.24)
16ﬁ2 d
d lnµcDH = ≠cDH
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D
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